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Abstract. Ocean maps are rarely in the scope of current studies on minimum-distortion map projections. This study aims to
create an uninterrupted map projection to display planet Earth as the Blue Planet: the aspect of the projection is rotated into
the middle of the water surface; favourable map distortions are optimized numerically across the World Ocean. The paper
starts with a short overview of existing similar projections. In the next pages, the reader may find the detailed description on
the development of the new mapping. The paper concludes with maps and distortion analysis in the proposed projection and

thoughts about its potential usefulness.

1 Map projections of the World Ocean

Recent research on map projections sometimes tends
to focus on continents rather than oceans. For example,
the low-distortion maps of Canters (2002) were all optim-
ized for continents, and neglected distortions on oceans.
While usual world maps do not have any significant data in
oceans (e.g., political, agricultural, ethnographical maps),
oceanographic research is also rising, producing data that
concentrates on the hydrosphere of the Earth. Map pro-
jections for such themes should have their areas of low
distortion in oceans. In this paper, the term World Ocean
refers to the Pacific, Indian, and Atlantic Oceans altogether
with all adjacent seas (i.e., not including the Caspian Sea).

First maps customized for the World Ocean as a
single unit started to appear in the middle of the 20th
century. One may mention the Tetrahedric projection
of Bartholomew from 1942 centred on the South Pole
(Synder 1993) as one of the first attempts to design a
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map of the World Ocean. However, this early map had
severe discontinuities in the Pacific Ocean, and dis-
played the Arctic Ocean cut in three pieces.

Probably most mappings for the World Ocean were
designed by Spilhaus. His maps were developed using
two different basic ideas. His earlier projections applied
former known mappings, like the Hammer, August or
Adams projections in oblique transverse or plagal as-
pects (Spilhaus 1942, 1983, Wray 1974). The apparent
goals in selecting the aspect parameters were not only
reducing the distortion in the oceans, but also to depict
the World Ocean as a single, continuous unit. However,
Spilhaus could not achieve the second goal completely.
His projections interrupt the World Ocean not only
across the Bering Strait (which may be an acceptable
trade-off), but significant portions of the Caribbean Sea
are also cut in his maps. Depending on the exact design,
other discontinuities near the shorelines of the Pacific
Ocean or in the South China Sea are also observable.
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SaZetak. Karte oceana rijetko su proucavane u odnosu na kartografske projekcije s minimalnom distorzijom. Ova studija
ima za cilj stvoriti neprekinutu kartografsku projekciju za prikaz planeta Zemlje kao plavog planeta: aspekt projekcije roti-
ran je u sredinu vodene povrsine; povoljne deformacije numericki su optimirane preko Svjetskog oceana. Rad zapocinje
kratkim pregledom postojecih slinih projekcija. Na sljede¢im stranicama Gitatelj moZe pronaéi detaljan opis razvoja novog
preslikavanja. Rad zavrSava kartama i analizom distorzije u predloZenoj projekciji i razmiSljanjima o njezinoj potencijalnoj

korisnosti.

Kljugne rijeéi: Svjetski ocean, optimalne kartografske projekcije, numericka optimizacija

1. Kartografske projekcije Svjetskog oceana

Nedavna se istraZivanja kartografskih projekcija po-
nekad viSe fokusiraju na kontinente nego na oceane. Na
primjer, Cantersove (2002) karte s malom distorzijom
optimirane su za kontinente, a zanemarene su distorzije
na oceanima.

Dok uobicajene karte svijeta nemaju nikakve znacaj-
ne podatke o oceanima (npr. politicke, poljoprivredne,
etnografske karte), oceanografska su istraZivanja tako-
der u porastu proizvode¢i podatke koji se koncentriraju
na Zemljinu hidrosferu. Kartografske bi projekcije za
takve teme trebale imati podru¢ja male distorzije na
oceanima. U ovom se radu pojam Svjetski ocean odnosi
na Tihi, Indijski i Atlantski ocean zajedno sa svim su-
sjednim morima (ne uklju¢ujudi Kaspijsko jezero).
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Prve su se karte prilagodene Svjetskom oceanu kao
jedinstvenoj cjelini poCele pojavljivati sredinom 20. sto-
lie¢a. Kao jedan od prvih pokusaja izrade karte Svjetskog
oceana moze se spomenuti Bartholomewova tetraedar-
ska projekcija iz 1942. sa srediStem na JuZznom polu
(Synder 1993). Medutim, ta je rana karta imala ozbiljne
diskontinuitete u Tihom oceanu i prikazivala je Arkticki
ocean izrezan na tri dijela.

Vjerojatno je veéinu preslikavanja Svjetskog oceana
dizajnirao Spilhaus. Njegove su karte razvijene s pomo-
¢u dviju razli¢itih osnovnih ideja, a njegove su ranije
projekcije primjenjivale prijasnja poznata preslikava-
nja, poput Hammerove, Augustove ili Adamsove pro-
jekcije u kosim popre¢nim ili plagalnim aspektima
(Spilhaus 1942, 1983, Wray 1974). Ocigledni ciljevi pri
odabiru parametara aspekta nisu bili samo smanjenje
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The reason of this is that common map projections
have a cut at longitude 180°. For maps of land, this is not a
big problem, as centring the map on longitude 10°E, this
discontinuity is moved to meridian 170°W, cutting only a
few tiny islands near the Bering Strait. However, this dis-
continuity runs along a half of a great circle, which holds
even for maps in rotated aspects. On the other hand, the
World Ocean has such a great extent, that it is impossible
to place a half of a great circle so that it would not cross
any large water body. Thus, only a more sophisticated
map projection with less discontinuity could solve the
continuous representation in plagal aspect.

Some later maps of Spilhaus (1983) followed another
path. He interrupted the Earth along complicated geo-
graphical lines (mostly along shorelines of oceans) and
built compound map projections displaying different
parts of the Earth in varying mappings. The reader may
find details of this concept and a more elaborated his-
tory of oceanic maps in another co-authored paper of
the author (Cameron & Kerkovits 2022).

An obvious advantage of the latter approach is that
the more discontinuities we allow the more the distor-
tions can be reduced. Placing discontinuities along nat-
ural boundaries may allow certain map themes to be
plotted without discontinuities. A projection was de-
veloped using this method recently by Cameron and
Kerkovits (2022).

A disadvantage of this method is that the description
of the discontinuities requires complicated, irregular
lines, which can only be stored in GIS as complex poly-
lines approximating the theoretical boundaries. Fur-
thermore, sometimes even discontinuities along lands
might be undesired by the mapmaker. Therefore, this
paper presents another concept of creating an oceanic
view of the Earth with the least possible discontinuities.

2 Design Principles

As stated previously, a map projection with discon-
tinuity along meridian 180° is not sufficient for a map of
the World Ocean, so the mapping is designed to have al-
most no places of discontinuity. However, while the
Earth has a closed surface, the map plane is an open sur-
face. Thus, it is not possible to construct a homotopy
(continuous mapping) between them. Removing a
single point from the surface of the Earth results in an
open surface, making the homotopy onto the plane
possible. So, one may conclude that it is necessary and
sufficient to interrupt the surface of the Earth at a single
point to create a map projection on the plane. Spilhaus
(1983) did discuss this possibility, and recommended to
move the discontinuity to 45°N 85°E.

At this point, it is necessary to define the shape of the
Earth. For the sake of simplicity, it will be approximated
by a unit sphere. The ~20 km difference between the
sphere and the actual shape of the Earth can be safely
neglected in small-scale maps.

Among previously known map projections, azi-
muthal, pseudoazimuthal, and polyazimuthal projec-
tions have a discontinuity only at the South Pole, which
can be moved to any arbitrary point in plagal aspect.
However, azimuthal and pseudoazimuthal projections
have severe distortions in the outer hemisphere, so they
are unacceptable candidates for a world map. Polyazi-
muthal mappings are complicated and obscure, their
usefulness for world maps has not been investigated by
anyone yet. Choosing only a single point of discontinu-
ity, it is inevitable that distortions will rise compared to
traditional world maps (as a side-effect of having less
discontinuity), so they must be constrained by ad-
vanced methods: A tailor-made projection must be de-
veloped using numerical optimization.

Projections having a discontinuity at a single point
will always have infinite linear scale along the metapar-
allel at that point. It is easy to see: this point is mapped to
the boundary of the map (a closed curve), so this infin-
itely small point gets stretched to a finite line. Therefore,
this point should be moved as far from the area of in-
terest as possible to optimize distortion. This is most
conveniently done by the metagraticule system intro-
duced by Wray (1974). Assuming that the point of dis-
continuity is at the South Pole, the graticule is rotated in
the space. The rotated counterparts of the graticule lines
are denoted by the prefix meta-. Applying the formulae
of the projection for metalatitudes and metalongitudes
instead of latitude and longitude, the discontinuity will
be moved to the freely chosen South metapole. If the
angles of rotation are not multiples of the right angle,
the map projection is said to be in plagal aspect.

Optimization of map projections was discussed in
detail by Canters (2002). He stated that existing projec-
tions may be arbitrarily modified using polynomial
transformations. Polynomials may approximate any
smooth function, so it may also be a reasonable approx-
imation of the best possible map projection. However,
the initial projection must be chosen carefully: polyno-
mials may only approximate smooth mappings, so they
never introduce or cancel discontinuities, and cannot
cancel infinite distortions of the initial map. For ex-
ample, if the stereographic projection were chosen as
the initial projection, the South metapole will be infin-
itely far in the map regardless of the polynomial. On
the other hand, the Lambert azimuthal equal-area
projection has linear scale of zero in the direction of
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distorzije oceana, ve¢ i prikazivanje Svjetskog oceana
kao jedne, kontinuirane cjeline. Medutim, drugi cilj
Spilhaus nije mogao u potpunosti ostvariti. Njegove
projekcije prekidaju Svjetski ocean ne samo preko Be-
ringovog tjesnaca (Sto moZe biti prihvatljiv kompro-
mis), ve¢ su i znaajni dijelovi Karipskog mora takoder
isjeCeni na njegovim kartama. Ovisno o to¢nom dizajnu,
mogu se uociti i drugi diskontinuiteti u blizini obala Ti-
hog oceana ili u Juznom kineskom moru.

Razlog tome je $to uobicajene kartografske projekci-
je imaju rez na geografskoj duZini od 180°. Za karte kop-
na to nije veliki problem buduéi da se centriranjem
karte na geografsku duZinu 10°E taj diskontinuitet po-
mice na meridijan 170°W presijecaju¢i samo nekoliko
si¢usnih otoka u blizini Beringovog prolaza. Medutim,
taj se diskontinuitet proteZe polovicom velike kruznice,
$to vrijedi ¢ak i za karte u rotiranim aspektima. S druge
strane, Svjetski ocean ima toliki opseg da je nemogude
postaviti polovicu velike kruzZnice tako da ne presijeca
neku veliku vodenu povrsinu. Stoga bi samo sofisticira-
nija kartografska projekcija s manje diskontinuiteta
mogla dati kontinuirani prikaz u plagalnom aspektu.
Neke su kasnije Spilhausove karte (1983) slijedile drugi
put. Prekinuo je Zemlju uzduz kompliciranih geograf-
skih linija (uglavnom uzduz obala oceana) i izgradio slo-
Zene kartografske projekcije koje prikazuju razlicite
dijelove Zemlje u razli¢itim preslikavanjima. Citatelj
mozZe pronadi pojedinosti toga koncepta i detaljniju po-
vijest oceanskih karata u drugom autorovom radu u ko-
autorstvu (Cameron i Kerkovits 2022).

O¢ita prednost potonjeg pristupa je da Sto vise di-
skontinuiteta dopustamo, vise se deformacije mogu
smanyjiti. Postavljanje diskontinuiteta uzduz prirodnih
granica moze omoguditi iscrtavanje odredenih tema
karte bez diskontinuiteta. Projekciju su s pomocu te
metode nedavno razvili Cameron i Kerkovits (2022).

Nedostatak je te metode $to opis diskontinuiteta
zahtijeva komplicirane, nepravilne linije koje se mogu
pohraniti u GIS samo kao sloZene polilinije koje aproksi-
miraju teorijske granice. Nadalje, ponekad kartografi ne
Zele diskontinuitet uzduz kopna. Ovaj rad, stoga, preds-
tavlja jo$ jedan koncept stvaranja oceanskog prikaza
Zemlje sa $to manje diskontinuiteta.

2. Principi dizajna

Kao $to je prethodno navedeno, kartografska pro-
jekcija s diskontinuitetom uzduz meridijana 180° nije
dovoljna za kartu Svjetskog oceana pa je preslikavanje
dizajnirano tako da gotovo nema mjesta diskontinuite-
ta. Medutim, dok Zemlja ima zatvorenu plohu, ravnina
karte otvorena je ploha. Stoga nije moguée konstruirati
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homotopiju (kontinuirano preslikavanje) medu njima.
Uklanjanje jedne totke s povrSine Zemlje rezultira
otvorenom plohom, $to omogucuje homotopiju na rav-
ninu. Dakle, moZe se zaklju¢iti da je nuzno i dovoljno
prekinuti Zemljinu povrsinu u jednoj tocki da bi se stvo-
rila kartografska projekcija na ravninu. Spilhaus (1983)
je raspravljao o toj mogucnosti i preporucio pomicanje
diskontinuiteta u 45°N 85°E.

U ovom je trenutku potrebno definirati Zemljin
oblik. Radi jednostavnosti bit ¢e aproksimiran jedinic-
nom sferom. Priblizno 20 km razlike izmedu sfere i stvar-
nog Zemljinog oblika moZe se sa sigurnos¢u zanemariti
na kartama sitnog mjerila.

Medu dosad poznatim kartografskim projekcijama,
azimutne, pseudoazimutne i poliazimutne projekcije
imaju diskontinuitet samo na Juznom polu koji se mo-
Ze pomaknuti u bilo koju proizvoljnu toc¢ku u plagal-
nom aspektu. Medutim, azimutne i pseudoazimutne
projekcije imaju ozbiljne distorzije u vanjskoj hemisfe-
ri pa su neprihvatljivi kandidati za kartu svijeta. Poli-
azimutna su preslikavanja komplicirana i nejasna,
njihovu korisnost za karte svijeta jo$ nitko nije istraZio.
Odabirom samo jedne tocke diskontinuiteta neizbjezno
je da e distorzije porasti u usporedbi s tradicionalnim
kartama svijeta (kao nuspojava manjeg diskontinuite-
ta) pa se moraju ograniciti naprednim metodama: pro-
jekcija po mjeri mora se razviti upotrebom numericke
optimizacije.

Projekcije koje imaju diskontinuitet u jednoj tocki
uvijek ¢e imati beskonatno linearno mjerilo duz
pseudoparalele u toj tocki. To je lako vidjeti: ta je tocka
preslikana na granicu karte (zatvorena krivulja) tako
da se ta beskonacno mala tocka rasteZe na konacnu li-
niju. Stoga tu to¢ku treba pomaknuti $to dalje od po-
drudja interesa kako bi se optimirala deformacija. To se
najprikladnije postiZe sustavom koordinatnog pseudo-
sustava koji je uveo Wray (1974). Pod pretpostavkom da
je tocka diskontinuiteta na Juznom polu, koordinatna
mreZa se okreée u prostoru. Rotirani parnjaci linija
kartografske mreZe oznacavaju se prefiksom pseudo-.
Primjenom formula projekcije na pseudogeografsku
Sirinu i pseudogeografsku duzinu umjesto na geograf-
sku Sirinu i duZinu, diskontinuitet ¢e se pomaknuti na
slobodno odabrani juzni pseudopol. Ako kutovi rotaci-
je nisu viSekratnici pravog kuta, kaZe se da je karto-
grafska projekcija u plagalnom aspektu.

Optimizaciju kartografskih projekcija detaljno je
razmatrao Canters (2002). Naveo je da se postojeCe pro-
jekcije mogu proizvoljno mijenjati upotrebom polinom-
skih transformacija. Polinomi mogu aproksimirati bilo
koju glatku funkciju tako da to, takoder, moZe biti razumna
aproksimacija najbolje moguce kartografske projekcije.
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metameridians at the South metapole (it compresses
map content in the meridian direction infinitely). This
may also not be changed by any polynomial transform-
ation. It is reasonable to assume that such infinite dis-
tortions are not present in the optimal projection (in
this paper, the term optimal refers to the map projec-
tion that has the lowest distortion possible according to
some distortion criterion; this has no implication on its
practical usefulness at all), so a simple candidate for the
initial projection is the azimuthal equidistant one.

3 Mathematical Basis

As this projection will be used in plagal aspect, one
should use the metalatitude ¢' and metalongitude A' in-
stead of latitude ¢ and longitude A (Snyder 1987,
Lapaine & Francula 2016):

@' = arcsin[singsineg, + cos@cos@, cos(A — A,)]

sin(A — A,)
cos@, tang —

-\

A'=arctan 0

sing, cos(A —A,)

Here, the coordinates ¢, and A, of the metapole
(which appoint a centre for the main topic of the map,
that is the World Ocean) and the azimuth A; of the
prime metameridian may be subject of optimization.

In the next step, the azimuthal equidistant projec-
tion (Snyder 1987) is applied for the metacoordinates
(planar coordinates for this intermediate plane are de-
noted by u and v):

o N
—(7—cp ) sin A
v=—(%—(p')cos7\'

Finally, this map is transformed by a fifth-degree
polynomial transformation:

= 3 2 5 342
X =a, i+ aud + a, uv? ++ag i + a,,ud v: + a uv?
= 2 3 4 24,3 5
Y =by v+ b, utv+by,v* + b, utv + b, uv: + byv

Some terms in the previous formula were omitted
intentionally: traditional world maps are symmetrical
to the horizontal and vertical axes. This double sym-
metry can be achieved if x is an odd function of u and an
even function of v. On the other hand, y is an even func-
tion of u and an odd function of v for the same reason.
This symmetry will not be reflected by the geographic
graticule (in plagal aspect, only the mapped metagratic-
ule is symmertrical). Nevertheless, this symmetry is
useful, as the map frame (i.e., the mapped South meta-
pole) and the distribution of distortion will still be sym-
metrical. The author found that this constraint is useful

from an aesthetical point of view. Coefficients a; and b;
were chosen by optimization.

The analysis of distortion follows the usual calcula-
tions. The mapped angle 9 between the meridians and
parallels is (Snyder 1987):

xOox Iy y
OA 0@ OA 0@

9 =
T ay
OA 0@ OA O

Next, the linear scales are calculated in the direc-
tions of meridians and parallels:

= (2)+(2)
RICRE)

cos

Finally, the semi-axes a and b of the Tissot indicatrix are:

_ etk + 2hksind + R4k —
2

2hk sin9

p N4kt 2hksind — h+ ke —
2

Note, that in the three formulae above for cot9, h, and k,
one may freely use the metacoordinates instead of the geo-
graphical ones to make derivation simpler. In this case, one
yields the linear scales along metameridians and metapar-
allels for h and k, but a and b should remain the same.

The overall distortion value containing both the ef-
fects of the areal and angular distortions over large
areas S can be measured effectively using the Airy-Kav-
rajskiy criterion (Francula 1971):

\/ 1 J’lnz(ab +lna/b) o _ \/
S

This mtegral was evaluated numerically using two-
point Gaussian quadrature generalized for irregular
spherical polygons (Kerkovits 2020). Coastline coordin-
ates were extracted from the Natural Earth (Kelso &
Patterson 2021) database.

The minimum search for E was carried out by a
modified downhill simplex method (Kaczmarczyk, n.
d.). To avoid reporting local minima, the algorithm re-
started the downbhill simplex method near the termina-
tion point of the previous run, and accepted the result
only if two successive optimizations yielded (approxim-
ately) the same minimum. This was crucial: the optim-
ization problem was not well-behaving, the downbhill
simplex method tended to converge to local minima.

2hk sind

Jl 2a+ In?b dS

S
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Medutim, poCetna projekcija mora biti pazljivo odabra-
na: polinomi mogu samo aproksimirati glatka preslika-
vanja, tako da nikada ne unose niti poniStavaju
diskontinuitete i ne mogu ponistiti beskonacne defor-
macije poCetne karte. Na primjer, ako je stereografska
projekcija odabrana kao pocetna projekcija, juzni me-
tapol bit ¢e beskonacno daleko na karti, bez obzira na
polinom. S druge strane, Lambertova ekvivalentna azi-
mutna projekcija ima linearno mjerilo jednako nuli u
smjeru metameridijana na juZznom metapolu (besko-
na¢no komprimira sadrzaj karte u smjeru meridijana).
To, takoder, ne moze biti promijenjeno nikakvom tran-
sformacijom s pomoéu polinoma. Razumno je pret-
postaviti da takve beskonacne distorzije nisu prisutne u
optimalnoj projekciji (u ovom se radu pojam optimalna
odnosi na kartografsku projekciju koja ima najmanju
mogucu distorziju prema nekom kriteriju distorzije; to
nema utjecaja na njezinu prakti¢nu korisnost uopde),
tako da je azimutna ekvidistantna projekcija jednosta-
van kandidat za poCetnu projekciju.

3. Matematicka osnova

Bududi da ¢e se ova projekcija koristiti u plagalnom
aspektu, treba koristiti metageografsku Sirinu @' i me-
tageografsku duzinu A' umjesto geografske ¢ i duZine A
(Snyder 1987, Lapaine & Francula 2016):

@' = arcsin[singsing, + cos@cos@, cos(A — A,)]

sinA — 4,)

; — A
cos@, tgp — sing, cos(A —A, )

0

A'=arctg

Ovdje koordinate ¢, i A, metapola (koje odreduju
srediSte za glavnu temu karte, a to je Svjetski ocean) i
azimut A, pocetnog metameridijana mogu biti predmet
optimizacije.

U sljedeéem se koraku azimutna ekvidistantna pro-
jekcija (Snyder 1987) primjenjuje na metakoordinate
(koordinate za posrednu ravninu oznacene su s u i v):

u=(% —@')sin}'

v=— (%—(p')cosk‘

Konacno, ta se karta transformira s pomocu polino-
ma petog stupnja:

= 3 2 5 342
X =a, i+ aud + a, uv? ++agu’ + a,ud v: + a uv?

y=byv+b,uv+b,v:+b,uv+b,u>v:+ b,V

Neki su ¢lanovi u prethodnoj formuli namjerno izos-
tavljeni: tradicionalne karte svijeta simetri¢ne su na vo-
doravnu i okomitu os. Ta se dvostruka simetrija moze
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postiéi ako je x neparna funkcija od u i parna funkcija od
v. S druge strane, y je parna funkcija od u i neparna
funkcija od v iz istog razloga. Ta se simetrija neée reflek-
tirati na kartografsku mrezu (u plagalnom aspektu, sa-
mo je slika metamreZe simetri¢na). Unato¢ tome, ta je
simetrija korisna, jer ¢e okvir karte (tj. slika juznog me-
tapola) i distribucija distorzije i dalje biti simetri¢ni.
Autor je utvrdio da je to ogranicenje korisno s estetskog
gledita. Koeficijenti a; i b; dobiveni su optimizacijom.

Analiza distorzija slijedi iz uobifajenog raCunanja.
Preslikani kut 9 izmedu meridijana i paralela je (Snyder
1987):

M Iy
cgo = 200 D3
Oxdy Oy ox
MNdp Aoy

Zatim se raunaju faktori linearnih mjerila u smje-
rovima meridijana i paralela:

= (Z) (2
[ @y @y

Cos

k=

Konac¢no, poluosi a i b Tissotove indikatrise su:

ARkt 2hksind + b+ — 2hksing
2

_ JR2 4+ K+ 2hksin® — B2 + k2 — 2hk sind

b 2

Uo¢imo da se u trima gornjim formulama za ctg9, h
i k mogu slobodno koristiti metakoordinate umjesto
geografskih kako bi se izvodenje ucinilo jednostavni-
jim. U tom slucaju dobivamo faktore linearnih mjerila
uzduZ metameridijana i metaparalela za hik,aliaib
ostaju isti.

Ukupna se vrijednost distorzije koja sadrZi u¢inke
distorzije povrsina i kutova na velikim podrudjima S
moze ucinkovito izmjeriti upotrebom kriterija Airy-Ka-
vrajskoga (Francula 1971):

F= |1 In2(ab) + Ina/b) ,. 1
\/ S J—z ds = nglnza + In?bds

Taj je integral numericki procijenjen s pomocu Ga-
ussove kvadrature u dvjema tockama, generalizirane za
nepravilne sferne poligone (Kerkovits 2020). Koordinate
obale izvucene su iz baze podataka Natural Earth (Kelso i
Patterson 2021).
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Fig. 1 Unconstrained optimal map projection of the World Ocean.
Slika 1. Bezuvjetna optimalna kartografska projekcija Svjetskog oceana.

4 Results of the Optimization

It turned out that simultaneous optimization of the as-
pect parameters ¢, A,, A'; and coefficients a;, b; made the
downhill simplex method unreliable, just as Canters (2002)
observed. The method reported various local minima, and
the convergence was very slow. Especially, the aspect
parameters remained close to the initial values. Therefore,
optimization was performed in a two-step process.

The first initial value was the oblique azimuthal
equidistant projection (a,, = b, = 1, other a;, b; coeffi-
cients are 0) centred on 45°S 95°W like the azimuthal
projections of Spilhaus (1983). In the first step of the
optimization, only the aspect parameters ¢,, A, A'; and
the linear coefficients a,, and b, were allowed to
change. This allowed the method to extensively ex-
plore the parameter space regarding the effect of the

aspect parameters, while the main characteristics of

the distortion pattern remained intact. The result was
assumed to have a set of aspect parameters close to the
optimal. Thus, it was the starting value for the next op-
timization, where all parameters (even those that had
already been optimized in the previous step) were al-
lowed to change.

Running a naive optimization for the full area of the
world ocean (excluding the Caspian Sea) obtained the
following values for the coefficients:

a,,= 0.819458 b,, = 0.086889

a,,= 0012964 by, = -0.000079

a,, = -0.053966 b,, = -0.002406

a, =-0.001538 b,, =0.008114
a,, =-0.022728 @p=-131.0337°
a,, =-0.002602 A, =-32.5357°
by, = 0.735835 X\, =-37.3780°

by, = 0.010020
the Airy-Kavrayskiy criterion is: E = 0.440089.

1
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Slika 2. Optimalna kartografska projekcija Svjetskog oceana u konveksnom okviru (izolinije prikazuju mjerilo povrsina).
Fig. 2 Optimal map projection of the World Ocean in a convex frame (isolines of areal scale).

TraZenje minimuma od E provedeno je primjenom
modificirane silazne simpleks metode (Kaczmarczyk
n. d.). Da bi se izbjeglo prijavljivanje lokalnih minimu-
ma, algoritam ponovno pokrele silaznu simpleks me-
todu blizu tocke zavrsetka prethodnog izvodenja i
prihvaca rezultat samo ako su dvije uzastopne optimi-
zacije dale (priblizno) isti minimum. To je bilo presud-
no: problem optimizacije nije se dobro ponasao,
silazna simpleks metoda teZila je konvergirati lokal-
nim minimumima.

4. Rezultati optimizacije

Ispostavilo se da istovremena optimizacija parame-
tara aspekta @, Ay, A, i koeficijenata a;, b; ¢ini silaznu
simpleks metodu nepouzdanom, bas kao $to je primije-

tio Canters (2002). Metoda je prijavila razli¢ite lokalne
KiG lzv. br., Vol. 21, 2022, hitps://doi.org/10.32909/kg.21.si.6

minimume, a konvergencija je bila vrlo spora. Konkret-
no, parametri aspekta ostali su blizu poletnih vrijed-
nosti pa je optimizacija provedena u dva koraka.

Prva je poCetna vrijednost bila kosa azimutalna ek-
vidistantna projekcija (a,, = by, = 1, ostali koeficijanti ay,
b, su 0) sa srediStem na 45°S 95°W poput azimutnih pro-
jekcija Spilhausa (1983). U prvom je koraku optimizacije
dopustena samo promjena parametara aspekta @,, A,
A', 1 linearnih koeficijenata a,, i b,,. To je omoguéilo me-
todi da opseZno istraZi prostor parametara u pogledu
uCinka parametara aspekta, dok su glavne karakteristi-
ke uzorka distorzije ostale netaknute. Pretpostavlja se
da rezultat ima skup parametara aspekta blizu optimal-
nog. Dakle, to je bila poletna vrijednost za sljede¢u opti-
mizaciju, gdje je svim parametrima (¢ak i onima koji su
ve bili optimirani u prethodnom koraku) bila dopuste-
na promjena.

87
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Fig. 3 Optimal map projection of the World Ocean in a convex frame (isolines of maximum angular deviation).
Slika 3. Optimalna kartografska projekcija Svjetskog oceana u konveksnom okviru (izolinije prikazuju maksimalno kutno odstupanije).

These coefficients result in an unusable map projec-
tion (Figure 1). The map frame is self-intersecting, and
some lands are overlapping even near the area of optim-
ization. Inclusion of narrow and long seas (such as the
Red Sea) in the area of optimization is also responsible
for the suboptimal result: being far from the large water
bodies, they have large distortions. The optimization
tried to reduce it as much as possible, at the expense of
distortions in the three large oceans.

To improve results, the map frame was made convex.
This condition was implemented as follows: coordinates
along the map frame were calculated for each 1° metalon-
gitude. The resulting polygon was first examined for self-
intersections using the Shamos-Hoey algorithm (Shamos
& Hoey 1976). If no intersections were reported, then cross
products of vectors starting from each vertex were calcu-
lated. If all cross products had the same sign in the third
coordinate, the polygon was convex. If any of the previous

88

conditions fails, the algorithm assigned the floating-point
representation of infinity to E without actually calculating
it, so that the downhill simplex would avoid entering this
part of the parameter space. The final coefficients are:

a,,=0.790778 b, =0.016423

a,, = 0.026391 by, = 0.002968

a,, =-0.027422 b,, = 0.007039

a,, =-0.002708 b,, = 0.010477

a,,=-0.020178 @, =-115.5775°

a,, =-0.002190 A, =-44.0641°

by, = 0.797302 A =-20.7520°

by, = -0.014136

The Airy-Kavrayskiy criterion is: E = 0.475545,
which indicates only 8% increase of distortion com-
pared to the unconstrained optimization.

The resulting map (Figure 2 and 3) became more us-
able, and its distortions were reduced on lands, so the
coastlines are easier to recognize. This mapping is a much

1
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Slika 4. Optimalna kartografska projekcija Svjetskog oceana u konveksnom okviru (bez unutarnjih mora).
Fig. 4 Optimal map projection of the World Ocean in a convex frame (inland seas excluded).

Provodenjem naivne optimizacije za cijelo podrudje
Svjetskog oceana (iskljucujuéi Kaspijsko jezero) dobive-
ne su sljedeCe vrijednosti za koeficijente:

a,, = 0,819458
a, = 0,012964
a,, =-0,053966
a5, = -0,001538
a,, = -0,022728
a,, = -0,002602
by, =0,735835
by; = 0,010020

b,, = 0,086889
bys = -0,000079
b,, =-0,002406
b,, = 0,008114
A, =-131,0337°
@, =-32,5357°
X, =-37,3780°

Kriterij Airy-Kavrayskoga E = 0,440089.

Ti koeficijenti rezultiraju neupotrebljivom kartograf-
skom projekcijom (slika 1). Okvir karte se sam sijece, a
neka se zemljista preklapaju ¢ak i blizu podrudja optimi-
zacije. Uklju¢ivanje uskih i dugih mora (kao $to je Crveno
more) u podrudje optimizacije takoder je odgovorno za
suboptimalan rezultat: buduéi da su udaljena od velikih
vodnih tijela, ona imaju veliku distorziju. Optimizacija ju
je na ralun distorzija u trima velikim oceanima pokusala
smanyjiti Sto je viSe moguce.

KiG lzv. br., Vol. 21, 2022, https://doi.org/10.32909/kg.21.si.6

Da bi se poboljsali rezultati, okvir karte je ucinjen
konveksnim. Taj je uvjet primijenjen na sljedeéi nacin:
koordinate uzduz okvira karte izracunane su za svaki
1° metaduZine. Rezultirajuéi je poligon prvo ispitan na
samopresjek s pomocu algoritma Shamosa-Hoeya (Sha-
mos i Hoey 1976). Ako nisu prijavljena nikakva sjecista,
tada su izra¢unani vektorski produkti pocevsi od svakog
vrha. Ako su svi vektorski produkti imali isti predznak
treCe koordinate, poligon je bio konveksan. Ako bilo koji
od prethodnih uvjeta ne uspije, algoritam je veli¢ini E do-
dijelio vrijednost beskonac¢no bez da ju je zapravo izratu-
nao, tako da bi silazna simpleks metoda izbjegla ulazak u
taj dio prostora parametara. Konacni su koeficijenti:

a,,=0,790778
a, = 0,026391

a,, =-0,027422
a,, = -0,002708
a,, =-0,020178
a,, = -0,002190
by, =0,797302

by, = -0,014136

b,  =0,016423
bys = 0,002968
b,, =0,007039
b,, = 0,010477

A, =-115,5775°
@, =-44,0641°
X, =-20,7520°
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more useful tool than the previous one for creating
maps of the World Ocean. The removal of the overlap
did not increase the distortion significantly (in fact,
there are areas, like the Gulf of Guinea and the western
coasts of the Pacific Ocean, where the distortions
slightly decreased). This variant is recommended over
the previous one.

Another variant of this projection was created by ex-
cluding long, inland seas (Baltic Sea, Mediterranean Sea,
Red Sea, Persian Gulf) from the area of the optimization.
Convexity of the map frame was enforced also in this ver-
sion. It was expected that the distortions can be reduced a
bit further in the area of the large oceans. The result is:

a,, = 0.760986 b,, = 0.009909

a,, = 0.000710 by, = 0.002670

a,, =0.002197 b,,=0.007615

as, = 0.004002 b14 = 0.010446

a,, =-0.021196 @, = -132.4804°

a,, = -0.005949 A, =-43.5327°

bo1 =0.831042 7\'0 =-31.7286°

by, = -0.013297

The Airy-Kavrayskiy criterion is: E = 0.435487,
however, it is not comparable to previous values, as it
now corresponds to a slightly smaller area.

The map shown in Figure 4 does exhibit lower dis-
tortions in large oceans, but we must pay a high price
for it: the Mediterranean Sea is extremely distorted, and
the Caspian Sea became flattened at the left edge. These
parts of the mapping are barely usable, so the map edit-
or should probably cut them off before designing a map
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Kriterij Airy-Kavrayskoga E = 0,475545 ukazuje na
povelanje distorzije od samo 8% u usporedbi s optimi-
zacijom bez uvjeta.

Dobivena je karta (slike 2 i 3) postala upotrebljivija, a
njezina je distorzija smanjena na kopnu pa su obale lakse
prepoznatljive. To je preslikavanje mnogo korisniji alat za
izradu karata Svjetskog oceana od prethodnoga. Uklanja-
nje preklapanja nije znacajno poveéalo distorziju (zapra-
vo, postoje podrudja, poput Gvinejskog zaljeva i zapadnih
obala Tihog oceana, gdje su se distorzije malo smanjile).
Ta se varijanta preporucuje u odnosu na prethodnu.

Druga je varijanta te projekcije nastala iskljuciva-
njem dugih, unutarnjih mora (Balticko more, Sredo-
zemno more, Crveno more, Perzijski zaljev) iz
podrugja optimizacije. Konveksnost okvira karte tako-
der je nametnuta u ovoj verziji. Oekivalo se da Ce se
distorzije jo§ malo smanjiti u podrudju velikih oceana.
Rezultat je:

a,, = 0,760986 b,, = 0,009909

a,, = 0,000710 by, = 0,002670

a,, =0,002197 b,, = 0,007615

ag, = 0,004002 b,, = 0,010446

a,;, =-0,021196 A, =-132,4804°

a,, = -0,005949 @, =-43,5327°

b01 =0,831042 A\, =-31,7286°

by, = -0,013297

Kriterij Airy-Kavrayskoga E = 0,435487, medutim ta
vrijednost nije usporediva s prethodnim vrijednostima
jer sada odgovara nesto manjem podrudju.

Karta prikazana na slici 4 pokazuje manju distorziju
velikih oceana, ali moramo za to platiti visoku cijenu:
Sredozemno je more izuzetno iskrivljeno, a Kaspijsko je

jezero na lijevom rubu postalo spljosteno. Ti su dijelovi
preslikavanja jedva upotrebljivi pa bi ih urednik karte
vjerojatno trebao odrezati prije dizajniranja karte u toj
varijanti. Tri bi velika oceana stala u okomiti elipti¢ni
oblik koji bi se mogao koristiti kao okvir karte. Ipak, ti
nedostatci mogu sprijeCiti upotrebljivost ove varijante
tako da autor preferira projekcije na slikama 21 3.

9. Zakljutci

Slike 2 - 4 prikazuju kartu Svjetskog oceana na pri-
hvatljiv nacin za upotrebu u kartografiji. Iako su distor-
zije optimirane, nedostatak diskontinuiteta ima ovu
manu: jo§ uvijek postoje ozbiline distorzije u blizini
obalnih linija. 1zostavljanjem unutarnjih mora iz opti-
mizacije, distorzije se mogu pobolj$ati u ve¢im vodnim
tijelima, ali unutarnja mora postaju prili¢no necitljiva,
tako da je ta varijanta korisna samo ako se tema karte ne
proteZe na ta mora.

Uz prethodno navedene nedostatke, predloZena
kartografska projekcija jedno je od onih rijetkih presli-
kavanja koja mogu prikazati Svjetski ocean kao jednu,
kontinuiranu cjelinu. Kako karta nema diskontinuiteta
¢ak ni preko kopna, moZe se koristiti za karte globalnih
odnosa na Svjetskom oceanu. Karta ima znac¢ajno ma-
nju distorziju u oceanima od kose azimutalne ekvi-
distante koja je sada jedina sveprisutna afilakticka
karta koja moze prikazati Svjetski ocean bez ikakvog
diskontinuiteta.

Iskustva stecena rjeSavanjem problema tijekom op-
timizacija mogu biti korisna za druga istraZivanja na po-
drudju kartografskih projekcija s malom distorzijom.
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