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Abstract. The Web Mercator projection is a projection of a relatively recent date. There has been a lot of controversy
about its application. Some believe that this projection is not a projection of either the sphere or the surface of the
ellipsoid. Therefore, in this paper, several projections of the surface of a rotational ellipsoid into a plane are investig-
ated and it is shown that the Web Mercator projection is one of such projections. Namely, although the equations of
this projection are identical to the equations for the projection of the sphere, the basic difference is in the choice of
the area of definition, i.e., the domain of the projection. Furthermore, we have shown that the Web Mercator projec-
tion can also be interpreted as double mapping: mapping an ellipsoid to a sphere according to the normals and then
mapping the sphere to the plane according to the formulas of the Mercator projection for the sphere. The Web Mer-

1 Introduction

In the mid-1990s, Google put on the Internet maps
of the world with the ability to zoom to the largest
scale. To create any map, including the aforementioned
maps known as Google Maps, it is necessary to map the
points from the surface of a rotational ellipsoid, which
in geodesy and cartography approximate an irregular
Earth surface, to a plane using one of the many map
projections. Google has used the following procedure
for this purpose. Google included ellipsoidal, i.e., geo-
detic coordinates in the formulas of the normal Mer-
cator projection for mapping a sphere. For the radius of
the sphere, the large semi-axis of the ellipsoid WGS84
was taken, which is used worldwide today. The main
reason for Google's application of such a procedure are

cator projection is not a conformal projection, but it is close in properties to the Mercator projection.
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simpler formulas for mapping a sphere and therefore
five times faster calculations than direct formulas for
mapping ellipsoids (Zinn 2010).

The described mapping procedure yielded a new
map projection close to Mercator's, but without all
the properties of Mercator's projection. Therefore,
this projection is known in the literature as the Web-
Mercator projection, or Web Mercator for short. The
name Pseudo Mercator is also used. The Web Mercator
projection is, like Mercator's, a normal aspect cyl-
indrical projection, i.e., the meridians are mapped as
parallel straight lines, and the parallels also as paral-
lel straight lines perpendicular to the meridians. The
important difference between the two projections is
that the Web Mercator projection is not a conformal
one, while the Mercator projection is. This means
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SaZetak. \Web-Mercatorova projekcija je projekcija relativno novijeg datuma o €ijoj je primjeni bilo dosta kontroverzija.
Neki smatraju da ta projekcija nije projekcija ni sfere ni plohe elipsoida. Stoga je u ovom radu istrazeno nekoliko pro-
jekcija plohe rotacijskog elipsoida u ravninu i pokazano da je web-Mercatorova projekcija jedna od takvih projekcija.
Naime, premda su jednadzbe te projekcije istovjetne jednadZzbama za projekciju sfere, osnovna je razlika u odabiru
podrucja definicije, odnosno domene projekcije. Nadalje, pokazali smo da se web-Mercatorova projekcija moze inter-
pretirati i kao dvostruko preslikavanje: preslikavanje elipsoida na sferu po normalama te preslikavanje sfere u ravninu
po formulama Mercatorove projekcije za sferu. Web-Mercatorova projekcija nije konformna projekcija, ali je po svoj-

stvima bliska Mercatorovoj projekciji.

Kljuéne rijegi: cilindri¢ne projekcije elipsoida, web-Mercatorova projekcija

1. Uvod

Sredinom 1990-ih godina Google je stavio na internet
karte svijeta s moguénoséu zumiranja do najkrupnijih
mjerila. Za izradu bilo koje karte, pa tako i spomenutih
karata poznatih pod nazivom Google Maps, potrebno je
tocke s plohe rotacijskog elipsoida, kojima se u geodeziji
i kartografiji aproksimira nepravilna Zemljina ploha,
preslikati u ravninu primjenom neke od mnogobrojnih
kartografskih projekcija. Google je u tu svrhu primijenio
sliede¢i postupak. U formule uspravne Mercatorove
projekcije za preslikavanje sfere uvrstio je elipsoidne, tj.
geodetske koordinate. Za polumjer sfere uzeta je velika
poluos elipsoida WGS84 koji danas ima Siroku primjenu
$irom svijeta. Glavni razlog Googleove primjene takvog
postupka jesu jednostavnije formule za preslikavanje
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sfere te stoga i pet puta brZe racunanje nego po direkt-
nim formulama za preslikavanje elipsoida (Zinn 2010).
Opisanim postupkom preslikavanja dobivena je
nova kartografska projekcija bliska Mercatorovoj,
ali bez svih svojstava Mercatorove projekcije. Stoga
je ta projekcija poznata u literaturi kao web-Merca-
torova projekcija, na engleskom Web Mercator pro-
Jjection ili kraée Web Mercator. Upotrebljava se i naziv
Pseudo Mercator. Web-Mercatorova projekcija je,
kao i Mercatorova, uspravna cilindri¢na projekcija,
tj. meridijani se u njoj preslikavaju kao paralelni
pravci, a paralele takoder kao paralelni pravci oko-
miti na meridijane. Bitna je razlika izmedu obje
projekcije u tome $to web-Mercatorova projekcija
nije konformna poput Mercatorove projekcije. To
zna¢i da linearno mjerilo u web-Mercatorovoj
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that the linear scale in a Web Mercator projection is
not equal in all directions at a given point, which is
the property of conformal projections (Zinn 2010).

The process described by Google has received nu-
merous criticisms. The fiercest criticism was by the
Geodesy Subcommittee of the Geomatics Committee of the In-
ternational Association of Oil & Gas Producers - IOGP (known
as EPSG according to the code it assigns). The EPSG for
that reference system was refused, explaining; "...that it
did not want to devalue the EPSG data collection through a
system unsuited to geodesy and cartography". However, in
2008 the code EPSG:3785 was assigned with a remark:
"...that it was not an official geodetic system, since the Earth is
approximated to a sphere, rather than an ellipsoid." With the
new EPSG:3857 code assigned the same year it says: "...
the WGS84 ellipsoid is applied rather than a sphere". In ver-
sion 8.7 of 8 September 2014, a comment is given: "Uses
spherical development of ellipsoidal coordinates. Relative to
WGS84 / World Mercator (CRS code 3395) errors of 0.7 percent
in scale and differences in northing of up to 43 km in the map
(equivalent to 21 km on the ground) may arise" (EPSG 2014).
In the above sentence, the word errors is mentioned,
which is not in line with the theory of map projections,
because there are distortions, not errors.

The above quotations show how long it took EPSG to
determine that the Web Mercator projection was not a
mapping of a sphere, but an ellipsoid, and that 43 km
between the parallels was the difference between the
Mercator and the Web Mercator, and not the error of the
Web Mercator projection. Because of the reputation that
EPSG enjoys in the world, many have quoted their state-
ments, considering them inviolable (Favretto 2014).

The lack of a Web Mercator projection comes to the
fore practically only on the smallest scale when the
whole world, or most of it, is visible on the screen. Then
we are bothered by large distortions of surfaces, espe-
cially in the northern parts of the Earth's sphere. Carto-
graphers often cite as an example Greenland, which is
almost as big on the map as Africa, although it is about 14
times smaller. Therefore, cartographers in recent dec-
ades have often warned that the Mercator projection,
but also other normal aspect cylindrical projections, are
not suitable for making general geographical maps of
the world (Committee on Map Projections 1989).

We assume that due to all these criticisms, Google
created a new mathematical basis for Google Maps in
the middle of 2018 (it is accessible by clicking Globe in
the menu). This is most easily seen on a map of the
smallest scale. It is no longer a map of the world in the
Web Mercator projection, but a map of the hemisphere
in azimuthal projection. However, the maps of medium
and large scales that users use the most in determining

the route between two points are still in the Web
Mercator projection (Francula 2019).

The content of this paper is organized as follows.
After the introduction, the second section recalls the
geodetic parameterization of the rotational ellipsoid, and
the third, very briefly, the projections of the ellipsoid
surface into the plane. The fourth section is devoted to
cylindrical projections of ellipsoids because the Web
Mercator projection belongs to this group of projections.
The fifth section gives examples of equidistant, equival-
ent, conformal and perspective projections of an ellips-
oid, so that it can be naturally concluded that the Web
Mercator projection referred to in the sixth section be-
longs to the same group of projections. In the seventh
section we show that the Web Mercator projection can
also be interpreted as double mapping consisting of
mapping an ellipsoid to a sphere and then a sphere to a
plane. In the eighth section we give a comparison of the
Mercator and Web Mercator projections, and in the ninth
we draw conclusions about the conducted research.

2 Geodetic parameterization of a rotational ellipsoid

A rotational ellipsoid with semi-axes a and b and
the centre at the origin of a rectangular spatial co-
ordinate system has the equation

2 2

+ =1. (1)

9N|:><:
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This surface can also be experienced as an image
of the mapping described by the formulas

X =Ncos@cosA, Y=Ncos@sinA,

Z=N(1—-e*)sing @
where
2 2
Ne b [P0 ()
J1-é*sin’* @ a
T T

e|l-=,—1|, he[-m,x]. (4)

oc|-22] nel-nn)

Mapping (2)-(4) is called geodetic parameteriza-
tion of a rotational ellipsoid (1), and it allows us to
identify points with coordinates (X, Y, Z) on the sur-
face of the ellipsoid with points corresponding to
geodetic coordinates (¢, 1).

It is not difficult to obtain the first differential
form of mapping (2)

ds? = M2d? + N2cos2pdA?, (5)
KiG No. 35, Vol. 20, 2021, https://doi.org/10.32909/kg.20.35.2 —



LAPAINE, M. | FRANCULA, N.: WEB-MERCATOROVA PROJEKCIJA — JEDNA 0D CILINDRICNIH PROJEKCIJA ELIPSOIDA U RAVNINU

projekciji nije u danoj tocki u svim smjerovima jed-
nako, $to je svojstvo konformnih projekcija (Zinn 2010).
Opisani Googleov postupak doZivio je mnogobrojne
kritike. Najze$¢i je u kritikama bio Geodesy Subcommittee
of the Geomatics Committee of the International Association of
0il & Gas Producers - I0GP (poznat kao EPSG prema kodu
koji dodjeljuje). On je odbio dati EPSG kod tom referent-
nom sustavu uz obrazloZenje: ,,...that it did not want to de-
value the EPSG data collection through a system unsuited to
geodesy and cartography*. Medutim, 2008. dodjeljuje mu
kod EPSG:3785, ali pise: ,,...that it was not an official geodetic
system, since the Earth is approximated to a sphere, rather
than an ellipsoid.“ Uz novi kod EPSG:3857 dodijeljen iste
godine pise: ,,..the WGS84 ellipsoid is applied rather than a sp-
here.“ U verziji 8.7 od 8. rujna 2014. dan je komentar:
,Uses spherical development of ellipsoidal coordinates. Relati-
ve to WGS 84 / World Mercator (CRS code 3395) errors of 0.7
percent in scale and differences in northing of up to 43 km in the
map (equivalent to 21 km on the ground) may arise.” (EPSG
2014) U navedenoj se relenici spominje rije¢ errors (po-
greske), $to nije u skladu s teorijom kartografskih pro-
jekcija jer je rije¢ o deformacijama, a ne pogreskama.
1z navedenih je citata vidljivo koliko je vremena
trebalo da EPSG utvrdi da se u web-Mercatorovoj
projekciji ne radi o preslikavanju sfere, nego elipso-
ida i da je 43 km u razmaku izmedu paralela razlika
izmedu Mercatorove i web-Mercatorove, a ne pogre-
Ska web-Mercatorove projekcije. Zbog ugleda koji
EPSG u svijetu uziva, mnogi su citirali njihove izjave
smatrajudih ih neprikosnovenima (Favretto 2014).
Nedostatak web-Mercatorove projekcije dolazi do
izrazaja prakticki jedino u najsitnijim mjerilima kada je
cijeli svijet, ili najveéi njegov dio, vidljiv na ekranu. Tada
smetaju velike deformacije povrsina, posebno u sjever-
nim dijelovima Zemljine sfere. Kartografi éesto navode
kao primjer Grenland koji je na karti gotovo jednako ve-
lik kao Afrika iako je od nje oko 14 puta manji. Stoga su
kartografi posljednjih desetlje¢a Cesto upozoravali da
Mercatorova projekcija, ali i ostale uspravne cilindri¢ne
projekcije, nisu prikladne za izradu opéegeografskih ka-
rata svijeta (Committee on Map Projections 1989).
Pretpostavljamo da je zbog svih tih kritika Google
sredinom 2018. izradio i novu matematicku osnovu
Google Mapsa (u izborniku treba kliknuti Globe). Najlak-
$e je to zamjetljivo na karti najsitnijeg mjerila. To vise
nije karta svijeta u web-Mercatorovoj projekciji, ve¢
karta hemisfere u azimutnoj projekciji. Medutim, kar-
te srednjih i krupnih mjerila, kojima se korisnici najvi-
$e sluZe u odredivanju rute izmedu dviju to¢aka, i dalje
su u web-Mercatorovoj projekciji (Franula 2019).
Sadrzaj ovog ¢lanka organiziran je tako da se u dru-
gom poglavlju podsjeta na geodetsku parametrizaciju
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rotacijskog elipsoida, a u tre¢em, vrlo kratko, na projek-
cije plohe elipsoida u ravninu. Cetvrto je poglavlje po-
svedeno cilindriénim projekcijama elipsoida jer web-
Mercatorova projekcija pripada toj skupini projekcija. U
petom se poglavlju daju primjeri ekvidistantne, ekviva-
lentne, konformne i perspektivne projekcije elipsoida
kako bi se na prirodan na¢in moglo zakljuciti da i web-
Mercatorova projekcija, o kojoj je rije¢ u Sestom poglav-
lju, pripada istoj skupini projekcija. U sedmom poglavlju
pokazujemo da se web-Mercatorova projekcija moze
interpretirati i kao dvostruko preslikavanje koje se sas-
toji od preslikavanja elipsoida na sferu i zatim sfere u
ravninu. U osmom poglavlju dajemo usporedbu Merca-
torove i web-Mercatorove projekcije, a u devetom do-
nosimo zakljucke o provedenim istraZivanjima.

2. Geodetska parametrizacija rotacijskog elipsoida

Rotacijski elipsoid s poluosima a i b i sa srediStem
u ishodistu pravokutnog koordinatnog sustava u
prostoru ima jednadzbu

xX* vt oz

S+ = (1)

2
a & v

Ta se ploha moze doZivjeti i kao slika preslikava-
nja opisanog formulama

X =NcospcosA, Y =Ncos@sina,

)
Z=NQ1-¢é*)sing,
gdje su
2 2
N a Ces a —b , )
J1-¢é’sin’ @ a*
(pe[—g,g} Le[-m,m]. (4)

Preslikavanje (2)-(4) naziva se geodetska parametri-
zacija rotacijskog elipsoida (1), a omogucava nam da tocke
s koordinatama (X, Y, Z) na plohi elipsoida identificiramo s
tockama kojima odgovaraju geodetske koordinate (¢, A).

Nije teSko dobiti prvu diferencijalnu formu
preslikavanja (2)

ds® = M*dq? +N* cos® pd\?, (5)
gdje je
al1-¢’
M :#_ (6)

(1 —e”sin’ (p)3
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where
a(l —é? ) ' ©)

(1 —e*sin® (p)3

M=

3 Projections of an ellipsoid into a plane

Map projection is usually defined as mapping the
surface of an ellipsoid into a plane using the formulas

X = X((pr 7\')1)’ :}’((P: 7\')7 (7)

where x and y are coordinates in the rectangular
(mathematical, right-oriented) coordinate system in

the plane, while ¢ e {—g,g}, L e[—mn,n], are geodetic

coordinates, the latitude and longitude. Thus, we men-
tally identified the points on the ellipsoid (1) with their
geodetic coordinates (4) based on their connection (2).
It is clear that theoretically there are an infinite num-
ber of mappings (7), although they cannot be arbitrary
in order for the result to be as we usually experience it.
It is usually assumed that the functions in the expres-
sion (7) are continuous and derivable in parts.
The first differential form of mapping (7) is

ds'2=Ed@?+ 2Fded + GdAZ, (8)

where coefficients are
2 2
E= % + @ B F
o0 op
2 2
(5] 3)
O\ O\

The factor of the local linear scale ¢ for mapping (7) is
defined in the theory of map projections by the relation

_Oxox oy
dpon g oL’
©)

& (10)
ds

and is important in determining distortions or de-

formations caused by projection.

4 Cylindrical projections

Some of the map projections are cylindrical and we
will continue to deal only with such in this paper. Cyl-
indrical projections in the normal aspect or normal
cylindrical projections are such projections in which

the images of the parallels of a normal network are mu-
tually parallel straight segments, and the images of the
meridians, straight lines perpendicular to the images of
the parallels (Tobler 1962). Cylindrical projections in
which the images of the meridians are distant from the
image of the middle meridian of the mapping area in
proportion to the difference of their longitudes will be
called conventional cylindrical projections.

The equations of conventional cylindrical projec-
tions are

x=K~2y),y =y(¢), (11)

where K > 0 is the constant of proportionality, A, geo-

detic longitude of the central meridian, ¢ € [—g,g},
Le[-m,n], and functions (11) are continuous and
monotonically increasing. In this case, as with any
map projection, the x and y are coordinates of a point
in a rectangular (mathematical, right) coordinate
system in the plane. As can be easily seen, this is a
mapping to a plane, not to a cylinder surface.

According to (9), for cylindrical projections (11)
we have

d 2
E:[—yj ,F=0,G6=K"?
de

so according to (8), (9) and (12) the first differential
form of this mapping is

(12)

(13)
®

d 2
ds' =(d_y} do? +K*d\2.
The square of the local scale factor ¢ for the cyl-
indrical projections of the ellipsoid into the plane
(11) is therefore

iV
(yj do® + K*d\*
2 do

. , (14)
M?de® + N* cos® pd\*

From (14) it is easy to obtain the local linear scale
factor in the direction of a meridian (d\ = 0)

hetdy (15)
M do

and the local linear scale factor in the direction of a
parallel (do = 0)

K
Ncoso

k (16)
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3. Projekcije elipsoida u ravninu

Kartografska se projekcija obi¢no definira kao pres-
likavanje plohe elipsoida u ravninu s pomo¢u formula

X= X(@: 7\')r.’y :}’(@7 7\')7 (7)

gdje su x i y koordinate u pravokutnom (matematic-
kom, desno orijentiranom) koordinatnom sustavu u

ravnini, a (pe[—g,g} Le[-m,n], geodetske koor-

dinate, Sirina i duZina. Pri tome smo u mislima iden-
tificirali tocke na elipsoidu (1) s njihovim geodetskim
koordinatama (4) na temelju veze (2). Jasno je da, te-
orijski gledano, ima beskona¢no mnogo preslikava-
nja (7) iako ona ne mogu biti bas$ bilo kakva da bi
rezultat bio onakav kakav ga obi¢no doZivljavamo.
Obicno se pretpostavlja da su funkcije u izrazu (7) po
dijelovima neprekidne i derivabilne.
Prva diferencijalna forma preslikavanja (7) je

ds'?=Ed@? + 2FdedA + GdA?, (8)
gdje su koeficijenti
2 2
op o0p 0p OL O OL

33

Faktor lokalnog linearnog mijerila ¢ za preslikavanje
(7) definira se u teoriji kartografskih projekcija relacijom
ds’'

-8 10
c=— (10)

a vazan je pri odredivanju distorzija ili deformacija
nastalih zbog projekcije.

4. Cilindri€ne projekcije

Neke su od kartografskih projekcija cilindri¢ne i u
ovom ¢emo se ¢lanku baviti samo takvima. Cilindri¢-
ne projekcije u uspravnom aspektu ili uspravne ci-
lindri¢ne projekcije su takve projekcije kod kojih su
slike paralela normalne mreze medusobno paralelne
duzine, a slike meridijana pravci okomiti na slike pa-
ralela (Tobler 1962). Cilindri¢ne projekcije, kod kojih
su slike meridijana udaljene od slike srednjeg meri-
dijana podrudja preslikavanja proporcionalno razlici
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njihovih geografskih duZina, zvat ¢emo konvenci-
onalnim cilindri¢nim projekcijama. Za konvenci-
onalne cilindri¢ne projekcije jednadzbe glase

x =K\~ 1),y =y(o), (11)
gdje je K > 0 konstanta proporcionalnosti, a A, ge-
odetska duzina odabranog srednjeg meridijana,

(pe[_ﬁ,f} Le[-n,n], a funkcije u (11) su nepre-
2 2

kidne i monotono rastuce. Pri tome su, kao i kod svake
kartografske projekcije, x i y koordinate tocke u pra-
vokutnom (matemati¢kom, desnom) koordinatnom
sustavu u ravnini. Kao $to se lijepo vidi, rije¢ je o pres-
likavanju u ravninu, a ne na plast cilindra.

Za cilindri¢ne projekcije (11) imamo prema (9)

d 2
E:[—yj ,F=0,G=K"?
do

(12)
pa je prva diferencijalna forma tog preslikavanja
prema (8), (9) i (12)

2
ds" :(j—yj do® + K*d\>. (13)

¢

Kvadrat faktora lokalnog mjerila duljina ¢ za ci-
lindri¢ne projekcije elipsoida u ravninu (11) je dakle

2
[‘W) o’ + K.
2 _ do

M?de* + N* cos” pd\”

(14)

1z (14) se lako dobije faktor lokalnog mjerila dulji-
na u smjeru meridijana (dA = 0)

et dy (15)
Mdo

i faktor lokalnog mjerila duljina u smjeru paralela
(de=0)
K

- . (16)
Ncoso

k

Za k = 1 geodetska Sirina ¢ iz (16) odgovarat ée ek-
vidistantnoj paraleli. Ako je to ekvator, onda je K=a.
Faktor lokalnog mjerila povrsina bit ée

K dy

p=hk=———-—=,
MN cos@ do

(17)
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For k = 1 the geodetic latitude ¢ from (16) will
correspond to the parallel mapped equidistantly. If it
is the equator, then K =a.

The local area scale factor is

K dy

-, 17
MN cos@ do 7

p=hk

The known formula applies to the maximum dis-
tortion of the angle ®
.o |[h-k
sin— = .

2 h+k

(18)

5 Examples of cylindrical projections of an ellipsoid
5.1 Equidistant cylindrical projection of an ellipsoid

An equidistant cylindrical projection of an ellips-
oid is defined by the equations

X:K(k—lo),yszd(p (19)

Po

where ¢ and A are the geodetic latitude and longitude,
respectively, K, ¢, and A are constants, and M the radius
of meridian curvature defined by the relation (6). The
integral in (19) represents the length of the meridian
arc; it is an elliptical integral that cannot be expressed
using elementary functions. The geodetic latitude ¢,
can be chosen arbitrarily. With the choice of ¢, = 0, the
equator will be mapped to the coordinate axis x. If K=q,
the length of the images of all parallels will be 2ar.
It is easy to see that from (19) it follows

1
h= 1d =1,
M do
ie., it is really an equidistant projection along the
meridians. For that projection we have

(20)

K

k=p= . (21)
Ncoso
sin® [Ncosp—K|
2 Ncosg+K ' (22)

5.2 Equal-area or Lambert cylindrical projection of
an ellipsoid

An equal-area cylindrical projection of an ellips-
oid is defined by the equations

0
x:K(K—XO),yzéjMNCOS(pd(p (23)

Po

where ¢ and A are the geodetic latitude and longitude,
respectively, K, ¢, and A are constants, M the radius of
meridian curvature defined by the relation (6), and N
the radius of curvature of the intersection along the first
vertical defined by (3). The integral in (23) represents
the area of the ellipsoidal trapezium with the sides AL =
1 and Ag = @—¢,. This integral can be expressed using
elementary functions, so instead of (23) we can write

x=K(h=2y),
(24)
b’ sing 1, l+esing
y=— ———+—In : b, *
2(1-e"sin“@ 2e 1l—esing)™

The constant ¢, can be chosen arbitrarily. With the
choice of ¢, = 0, the equator will be mapped on the x-axis.
Based on (24) we can calculate

M do K k
and then
p=hk=1, (26)

i.e., it is really an equal-area projection. For that pro-
jection we have

2 2 2
o |[N7cos"p-K
sin—=

B (27)
2 N?cos’@+K?

5.3 Conformal or Mercator cylindrical projection of
an ellipsoid

A conformal cylindrical projection of an ellipsoid

is defined by the equations
®
x=K(X—k0),y=KJ

Do

do (28)

Ncoso

where ¢ and A are the geodetic latitude and longit-
ude, respectively, K, ¢, and A, are constants, M the
radius of meridian curvature defined by (6), and N
radius of curvature of the intersection along the first
vertical defined by (3). The constant ¢, can be
chosen arbitrarily. With the choice of ¢, = 0, the
equator will be mapped on the x-axis. The integral in

1
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Za maksimalnu deformaciju kuta o vrijedi poz-
nata formula

G |h—k|
sin—=

2 h+k’

(18)

5. Primjeri cilindriénih projekcija elipsoida
5.1. Ekvidistantna cilindriCna projekcija elipsoida
JednadZbama

¢
x=K(hA—%y),y= IMd(p

P

(19)

definirana je ekvidistantna cilindri¢na projekcija elip-
soida, ako su @ i A geodetska Sirina, odnosno duZina, K,
@, i A, konstante, a M polumjer zakrivljenosti meridi-
jana definiran relacijom (6). Integral u (19) predstavlja
duljinu luka meridijana. To je elipticki integral koji ni-
je mogude izraziti s pomoéu elementarnih funkcija.
Geodetska Sirina ¢, moZe se izabrati po volji. Uz izbor
@, = 0 ekvator Ce se preslikati na koordinatnu os x. Ako
je K=a, duljina slika svih paralela bit ¢e 2am.
Lako se vidi da iz (19) slijedi

=— 1, 20
Vdo (20)

tj. stvarno je rije¢ o ekvidistantnoj projekciji uzduz
meridijana. Za tu je projekciju

K
k=p= , (21)
Ncoso
2 Ncosp+K

5.2. Ekvivalentna ili Lambertova cilindricna projekcija
elipsoida

JednadZbama

]
x:K(x—ko),y:%IMNcoscpdgo (23)

P

definirana je ekvivalentna cilindricna projekcija elip-
soida, gdje su @ i A geodetska $irina, odnosno duzina, K,
@, 1 A, konstante, M polumjer zakrivljenosti meridijana
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definiran relacijom (6), a N polumjer zakrivljenosti pre-
sjeka po prvom vertikalu definiran relacijom (3). Inte-
gral u (23) predstavlja povrSinu elipsoidnog trapeza
kojemu su stranice AL =11 Ag = ¢ — @,. Taj se integral
moze izraziti s pomocu elementarnih funkcija pa
umjesto (23) moZemo napisati

x=K(h=1y), 04

2 : .

sin 1, 1+esin
y=of sine_ 1, 1tesing ],
2(1-e’sin*@p 2¢ 1-—esing )™

Konstanta ¢, moZe se izabrati po volji. Uz izbor
@, = 0 ekvator Ce se preslikati na koordinatnu os x.
Na temelju (24) moZemo izraCunati

_1dy Ncosg 1

h , 25
Mdo K k 2s)

paje onda
p=hk=1, (26)

tj. stvarno je rije¢ o ekvivalentnoj projekciji. Za tu je
projekciju

) N’cos’ - K’
sin—=—————-.
2 N? cosz(p+K2

(27)

5.3. Konformna ili Mercatorova cilindricna projekcija
elipsoida

Jednadzbama
®
x:K(k—kO),y:KINCOS(pd(p (28)
@,

definirana je konformna cilindri¢na projekcija elipso-
ida, gdje su ¢ i A geodetska Sirina, odnosno duzina, K,
@, i A, konstante, M polumjer zakrivljenosti meridija-
na definiran relacijom (6), a N polumjer zakrivljenosti
presjeka po prvom vertikalu definiran relacijom (3).
Konstanta ¢, moZe se izabrati po volji. Uz izbor ¢, = 0
ekvator Ce se preslikati na koordinatnu os x. Integral u
(28) je integral izometrijske Sirine koji se moZe izraziti
s pomoc¢u elementarnih funkcija na viSe nacina:

e
_ T 9 1—esing |2 o _
y=Kln tan(4+2J[—j |%—

(29)

1+esing
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(28) is the integral of isometric latitude which can be
expressed by elementary functions in several ways:

e
y=Kln tan(EJrE) l_eﬂ ’ o =
4 2 )\1+esing) | ™

. ol e 29
:Eh{lJrsm(p(l esm(pj ]lq, _ (29)

2 |1-sin@\1+esing) | *
= K(tanh‘1 (sing)—etanh™ (esin(p)) |$0 .

It is easy to see that

ld K
Mdp Ncosp

(30)

i.e., that it is really a conformal projection. For that
projection we have

KZ
= (31)
N®cos” @
sin% =0. (32)

For K = a along the equator, it willbe h=k =1, i.e.,
the equator will be the standard parallel.

For K = N(¢,)cosg, the standard parallel will be
the parallel with the geodetic latitude ¢,. Thus, a
change in the constant K is on the one hand a change
in the standard parallel, and at the same time a
change in the scale of the map.

Many authors define the Mercator projection of an
ellipsoid by putting K = a (Thomas 1952, Snyder 1987,
Osborne 2013 and others). However, this may not always
be the case. Let us recall the so-called mean latitude used
in the production of nautical charts (Kavrayskiy 1959,
Peterca et al. 1974, Vahrameyeva et al. 1986, Bugayevskiy
1998). It is the geodetic latitude of that parallel which
passes through the central part of the nautical chart and
which is the standard parallel for that sheet of the chart.
Based on this latitude, the constant K is determined in
the equations of the Mercator projection and this way
the distribution of distortions on the map is influenced.

5.4 Perspective projection of an ellipsoid to the
cylindrical surface

A perspective projection of an ellipsoid to the cir-
cular cylindrical surface having radius K, and whose
axis is the coordinate axis z is defined by the equations

x =K(A—L,), y =K(1—e?)tane. (33)

In this case, ¢ and A are the geodetic latitude and
longitude, respectively, A is a constant.
It is easy to derive

he 1 dy_K(l—ez)_K (l—ezsinch)3

- 2 - 2 ’ (34)
Mde Mcos” ¢ acos” ¢
K K+/1—e*sin’
k= - 2 (35)
Ncoso acosQ
h 1-e’sin’
_:—(PZL (36)
k cos®
2
2 2 2 i .2
a(l—e 1—e"sin” @
he)_(-snie) .
MNcos™ @ cos™ @
1—-(1-e*sin*@)coso
sin® = ( ) (38)

2 1+(1—e2 sin® (p)coscp'

It is immediately apparent that this projection is
neither equidistant, nor equivalent, nor conformal.
If K = a, then the equator is a standard parallel, i.e.,
for points on the equator h =k = 1.

6 Web Mercator projection of an ellipsoid

The Web Mercator projection adapted to raster
data is defined by the equations
25
X="

O (n+m),
21

y= @2” [TE— 1ntan(£+gﬂ
27 4 2

where @ and ) are the geodetic latitude and longitude,

respectively, and n is the zoom level (Wikipedia 2020).
Table 1 provides basic information regarding the

zoom levels of the Web Mercator projection.

* The “Number of tiles” column gives the number
of tiles needed to display the entire world with
the given zoom level. This can be useful for calcu-
lating the amount of memory needed to store the
previously generated tiles.

= The "Tile width in degrees" column gives the map
width in degrees of ellipsoidal length for a square
tile at a specific zoom level.

(39)

1
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. . e
:Eln 1+sing 1—esTn(p 0 =
2 | 1-sinp\1+esing) | ®
= K(tanh_1 (sing)—etanh™ (esin(p)) o

Lako se vidi da vrijedi

h:id_y: K =k, (30)
Mde Ncoso

tj. da je stvarno rije¢ o konformnoj projekciji. Za tu je
projekciju

KZ
pP=— (31)
N?cos” @
sin% =0. (32)

Za K = a uzduZ ekvatora bit ¢e h =k =1, tj. ekva-
tor ¢e biti standardna paralela. Za K = N(¢,)coso,
standardna paralela bit ¢e ona paralela kojoj odgo-
vara geodetska $irina ¢,. Prema tome, promjena
konstante K je s jedne strane promjena standardne
paralele, a istodobno i promjena mjerila karte.

Mnogi autori definiraju Mercatorovu projekciju elip-
soida stavljajuéi K = a (Thomas 1952, Snyder 1987, Osbor-
ne 2013 i drugi). Medutim, to ne mora uvijek biti tako.
Podsjetimo se tzv. konstrukcijske Sirine (geodetska Sirina
standardne paralele, eng. mean latitude) koja se upotreb-
ljava pri izradi pomorskih navigacijskih karata (Kavrajskij
1959, Peterca i dr. 1974, Vahramejeva i dr. 1986, Bugajev-
skij 1998). To je geodetska Sirina one paralele koja prolazi
srediSnjim dijelom pomorske karte i koja je standardna
paralela za taj list karte. Na temelju te Sirine odreduje se
konstanta K u jednadzbama Mercatorove projekcije i na
taj se nacin utjeCe na razdiobu distorzija na karti.

5.4. Perspektivna projekcija elipsoida na plast valjka
Jednadzbama

x=K(-L,),y =K(1—e?)tang (33)
definirana je perspektivna projekcija elipsoida iz nje-
gova sredista na plast kruznog valjka kojem se os pok-
lapa s koordinatnom osi Z, a polumjer mu je K. Pri tome
su @ 1A geodetska $irina, odnosno duzina, A, konstanta.

Lako se vidi da vrijedi

3
K(1-¢®) K./(1-e*sin*@

h=id_y= ( - )= ( ) , (39)

Mde Mcos” @

acos’ ¢
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K K _K«/l—ezsinztp

= = (35)
Ncoso acosQ
2 2.2
Ezl—e sin 90211 (36)
k cosQ
2
- a’ (1 —ez) B (1—@2 sin® (p) 37
MNcos’ @ cos’o
1—-(1-e*sin*@)coso
sin® = ( ) (38)

1 +(1 —e’sin® (p)coscp-

Odmah se vidi da ta projekcija nije ni ekvidistant-
na, ni ekvivalentna, ni konformna. Ako je K = a, onda
je ekvator standardna paralela, tj. onda za tocke na
ekvatoru vrijedi h =k = 1.

6. Web-Mercatorova projekcija elipsoida

JednadZbama
x=20 (A+m),
27 (39)

y= ﬁ2" [n— lntan(£+gﬂ
271 4 2

definirana je web-Mercatorova projekcija elipsoida pri-

lagodena rasterskim podatcima, gdje su ¢ i A elipsoidna

Sirina i duljina, a n razina zumiranja (Wikipedia 2020).

U tablici 1 dani su osnovni podatci u vezi s razina-
ma zumiranja web-Mercatorove projekcije.

» Stupac "Broj ploCica" daje broj plocica potreban za
prikaz cijelog svijeta uz zadanu razinu zumiranja. To
moze biti korisno za racunanje koli¢ine memorije
potrebne za Cuvanje prethodno generiranih plocica.

* Stupac "Sirina ploCice u stupnjevima" daje Sirinu
karte u stupnjevima elipsoidne duZine za kvadratnu
plocicu na odredenoj razini zumiranja.

*  Vrijednosti u stupcu "Sirina piksela izraZena u me-
trima" izraCunane su za a = 6378137 m, $to je velika
poluos elipsoida WGS84.

» "Nazivnik mjerila M karte na zaslonu" izraCunan je
za dvije pretpostavljene rezolucije zaslona na kojem
gledamo kartu: 141 piksel/in¢u i 96 piksela/incu.

256
Faktorom proporcionalnosti K=2—2” regulira
T

se broj plocica (tiles), a time i mjerilo plo¢ice (mjerilo
dijela karte) koje ovisi o stupnju ili razini zumiranja n.
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* The values in the column "Pixel width expressed in
metres" were calculated for a = 6378137 m, which
is the major semi-axis of the ellipsoid WGS84.

* The “Map scale denominator M on the screen” is
calculated for the two assumed screen resolu-
tions in which we view the map: 141 pixels / inch
and 96 pixels / inch

The proportionality factor K :?2" regulates
T

the number of tiles, and thus the scale of the tile (scale of
the part of the map) which depends on the degree or
level of zoom n. For n = 0, a rectangular coordinate sys-
tem from computer graphics was chosen, the origin of
which (0, 0) is in the upper left corner of the map, while
the lower right corner has the coordinates (256, 256). All
tiles are square in shape, but the projection is theoretic-
ally not; it is infinitely stretched in a north-south direc-
tion. Because the tiles are square in shape and have
extremely large distortions in the polar regions, Google
decided to show only the area that is square in the pro-
jection. It will be [-r, 1t] for the geodetic longitude A and
[-sin”(tanhm), sin"(tanhn)] for the geodetic latitude ¢.
In degrees it is [-180°, 180°] for geodetic longitude A and
[-85°05112878, 85° 05112878] for geodetic latitude .

We are interested how the equations of the Web
Mercator projection (39) written in the usual form, i.e.,
for the application of vector graphics, would look. We
first notice the need to change the rectangular coordin-
ate system whose origin is at the point corresponding to
the ellipsoidal coordinates (¢, A) = (0, 0). Furthermore, a
link should be established between the raster data ex-
pressed in pixels and vector data expressed in metres. It
is not difficult to see that the equator will be represen-
ted with 256-2" pixels, and since the equator is a circle of
radius g, its circumference in metres is 2ar.

Taking this into account, equations (39) pass into

X =ah\,
(40)

y= alntan(g +§j =atanh™ (sino).

These equations are similar to the equations of
the normal aspect Mercator projection of a sphere
whose radius is equal to a (compare equations (28)
and (29)). However, it is important to note that ¢ and
A in (40) are not geographical coordinates but geo-
detic, i.e., ellipsoidal.

At first glance, the zoom level n is lost in (40).
However, the equations of other projections are usu-
ally written for the 1:1 scale because it is assumed
that they can be easily adapted to any scale 1: M.

The resolution of the screen on which we look at the
map is the ratio of the length of the screen to the num-
ber of pixels. For example, if the screen length is 345
mm and the corresponding number of pixels is 1920,
the resolution r will be 5.56 pixels per millimetre or 141
pixels per inch. This information is needed to calculate
the scale of the display. Let us mark the scale of the map
on the screen with 1: M. Equalize the length of the
equator C expressed in pixels from formula (39)

C =2x(n) = 256-2", (41)
with the equatorial length at a scale of 1: M expressed
in pixels as a function of the resolution r

c=2z, (42)
M
and we will get
arm
M= 2n+7 : (43)

According to formula (43), the denominators M of
the scale represented in the last two columns in
Table 1 are calculated.

It is not difficult to derive formulas for determin-
ing the distortions of the Web Mercator projection:

, 1dy 4 (1 —e”sin’ (p)3

Mdp Mcosp (1—e2)coscp
k= a _«ll—ezsinch (45)
Ncoso cos@ '
2 22
hzl—e sin"e (46)
k 1-¢°

Formula (46) shows that the largest ratio of the
linear scale factor is along the equator and that it is

h 1

—= 5 ~1+e°.
k 1-e
2.2 )2
a’ (1—e sin (p)
p: 2 = 2 2 ’ (47)
MNcos” ¢ (1—e )cos )
2 2
. W e”cos
sin—= @ (48)

2 2(1—e2)+e2cosz(p'

It is immediately apparent that this projection is
neither equidistant, nor equal-area, nor conformal.

1
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Za n=0 odabran je pravokutni koordinatni sus-
tav iz ratunalne grafike kojem je ishodiste (0, 0) u
gornjem lijevom kutu karte, a donji desni kut ima
koordinate (256, 256).

Sve su ploéice kvadratnog oblika, no projekcija te-
orijski nije, nego je beskonacno rastegnuta u smjeru
sjever-jug. Buduéi da su plocice kvadratnog oblika i da
su u polarnim podrudjima izrazito velike distorzije, Go-
ogle je odlucio prikazati samo podrudje koje u projekci-
ji ¢ini kvadrat. To ¢e biti [-, 1t] za geodetsku duZinu A i
[-sin'(tanhm), sin'(tanhm)] za geodetsku Sirinu ¢@. U
stupnjevima to je [-180°, 180°] za geodetsku duZinu X i
[-85°05112878, 85°05112878] za geodetsku Sirinu .

Zanima nas kako bi izgledale jednadZzbe web-Merca-
torove projekcije (39) zapisane u uobicajenom obliku,
odnosno za primjenu vektorske grafike. Najprije uo¢imo
potrebu promjene pravokutnog koordinatnog sustava
kojem je ishodiste u tocki koja odgovara elipsoidnim ko-
ordinatama (¢, 1) = (0, 0). Nadalje, treba uspostaviti vezu
izmedu rasterskih podataka izrazenih u pikselima i vek-
torskih izraZenih u metrima. Nije tesko vidjeti da e ek-
vator biti prikazan s 256-2" piksela, a buduéi da je ekvator
kruZnica polumjera a, njegov opseg u metrima je 2ar.
Uzevsi u obzir navedeno, jednadzbe (39) prelaze u

X =dan,

(40)
@

y= alntan(% + E) =atanh™ (sino).

Te su jednadzbe nalik na jednadzbe uspravne Merca-
torove projekcije sfere kojoj je radijus jednak a (usporediti
jednadZbe (28) i (29)). No vazno je uociti da ¢ i A u (40) ni-
su geografske koordinate, nego geodetske, tj. elipsoidne.

U tim se jednadZbama na prvi pogled izgubila razina
zumiranja n. Medutim, i jednadzbe drugih projekcija
obi¢no piSemo za mjerilo 1 : 1 jer se podrazumijeva da
se one lako mogu prilagoditi bilo kojem mjerilu 1 : M.

Rezolucija zaslona na kojem gledamo kartu omjer je
duljine zaslona i broja piksela. Tako npr. ako je duljina
zaslona 345 mm, a odgovarajudi broj piksela 1920, rezo-
lucija r ¢e biti 5,56 piksela po milimetru ili 141 piksel po
incu. Taj je podatak potreban da bi se izra¢unalo mjerilo
prikaza na zaslonu. Ozna¢imo mjerilo prikaza karte na
zaslonu s 1: M. Izjednac¢imo duljinu ekvatora C izraZenu
u pikselima iz formule (39)

C = 2x(m)=256-2" (41)
s duljinom ekvatora u mjerilu 1 : M izraZenom u pik-
selima u ovisnosti o rezoluciji r

2am
C=—-r

v (42)
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i dobit ¢emo

_arm

M= (43)

2n+7 :

Po formuli (43) izra¢unani su nazivnici mjerila M
u posljednja dva stupca u tablici 1.

Nije teSko izvesti formule za odredivanje distor-
zija web-Mercatorove projekcije:

(1 —e”sin’ (p)3

1d a

h=—2 = = 5 , (44)
Mdp Mcoso (1—e )coscp

k= a _«/l—ezsinch (45)
Ncoso cosQ '

h 1-é’sin’@

—=—>1. 46

k 1-¢° (46)

Formula (46) pokazuje da je najveéi omjer faktora
mjerila duljina uzduz ekvatora i da iznosi

h 1
E: 2z1+ez.

1-e
2.2 \?
a’ (1—e sin (p)
p: 2 = 2 2 ’ (47)
MNcos” @ (1—e )cos (0]
2 2
sin = ¢ oS @ (48)

2 2(1—ez)+e2 cosz(p'

Odmah se vidi da ta projekcija nije ni ekvidis-
tantna, ni ekvivalentna, ni konformna. Lako se moze

2

. O e
vidjeti da je sin—=
2 2

,za @ = 0°. Standardna para-
—e

lela, tj. paralela uzduz koje bi vrijedilo h = k = 1, ne
postoji.

Na kraju istaknimo da, sluze¢i se moguénostima
digitalne tehnologije, Google Maps na svakom pri-
kazu u donjem desnom uglu prikazuje graficko
mjerilo. Pomi¢emo li se po karti u smjeru zapad-is-
tok ili obrnuto, mjerilo se ne mijenja jer ono ne
ovisi o geodetskoj duzini. Pomi¢emo li se u smjeru
sjever-jug ili obratno, mjerilo se mijenja jer ovisi o
razini zumiranja (tablica 1).

Sredinom 2018. Google Maps je bio dostupan na in-
ternetu u novoj matematickoj osnovi. Najlakse je to
zamjetljivo na karti najsitnijeg mjerila. To viSe nije
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Table 1 Basic data on the zoom levels of the Web Mercator projection.
Tablica 1. Osnovni podatci o razinama zumiranja web-Mercatorove projekcije.

Razina  Broj  Brojpiksela Brojplocica Sirinaploice Broj piksela Sirina piksela Nazivnik mjerila Nazivnik mjerila
zooma  plodica poplodici  uretku ustupnjevima uzduZekvatora izraZenau  MKkarte na Mkarte na
metrima zaslonu (1) zaslonu (2)
Zoom Number Number of Numberof Tilewidthin ~ Number of Pixel width ~ Denominator M Denominator M
level oftiles pixelsper tilesina  degrees pixels along expressedin  of mapscaleon of map scale
tile row the equator metres the screen (1) on the screen (2)

0 1 256 1 360.00000 256 156543.03 871196015 521757932

1 4 256 2 180.00000 512 78271.52 435598007 260878966

2 16 256 4 90.00000 1024 39135.76 217799004 130439483

3 64 256 8 45.00000 2048 19567.88 108899502 65219742

4 256 256 16 22.50000 4096 9783.94 54449751 32609871

5 1024 256 32 11.25000 8192 4891.97 27224875 16304935

6 4096 256 64 5.62500 16384 244598 13612438 8152468

7 16384 256 128 2.81250 32768 1222.99 6806219 4076234

8 65536 256 256 1.40625 65536 611.50 3403109 2038117

9 262144 256 512 0.70313 131072 305.75 1701555 1019058
10 1048576 256 1024 0.35156 262144 152.87 850777 509529
11 4194304 256 2048 0.17578 524288 76.44 425389 254765
12 16777216 256 4096 0.08789 1048576 38.22 212694 127382
13 67108864 256 8192 0.04395 2097152 19.11 106347 63691
14 268435456 256 16384 0.02197 4194304 9.55 53174 31846
15 1073741824 256 32768 0.01099 8388608 4.78 26587 15923
16 4294967296 256 65536 0.00549 16777216 2.39 13293 7961
17 17179869184 256 131072 0.00275 33554432 1.19 6647 3981
18 68719476736 256 262144 0.00137 67108864 0.60 3323 1990
19 274877906944 256 524288 0.00069 134217728 0.30 1662 995
20 1099511627776 256 1048576 0.00034 268435456 0.15 831 498

(1) For a screen size of 1920 x 1080 pixels and 345 x 194 mm, or a resolution of 141 pixels/inch
(1) za veli¢inu zaslona 1920 x 1080 piksela i 345 x 194 mm, odnosno rezoluciju 141 piksel/in¢u
(2) For a screen resolution of 96 pixels/inch

(2) Za rezoluciju zaslona 96 piksela/in¢u

2
e—z for @ = 0°. scale on each display in the lower right corner. If we
move on the map in the west-east direction or vice
There is no standard parallel, i.e., a parallel along  versa, the scale does not change because it does not de-
which h = k =1 would be valid. pend on the geodetic longitude. If we move in a north-
Finally, let us point out that, using the possibilities  south direction or vice versa, the scale changes because

of digital technology, Google Maps shows a graphical it depends on the zoom level (Table 1).

. ®
It can easily be seen that smE: 5
—e

1
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Slika 1. Slika preuzeta od Stefanakisa (2017) prema kojem se toCke s elipsoida kroz neprozirni lijevak sfernih formula pres-
likavaju u web-Mercatorovu projekciju, iako je na slici i sfera. Umijesto lijevka trebala je biti sfera (vidi sliku 2).
Fig. 1 Image taken from Stefanakis (2017) according to which the points from the ellipsoid are mapped through the opaque
funnel. Instead of a funnel there should have been a sphere (Figure 2).

karta svijeta u web-Mercatorovoj projekciji, ve¢ kar-
ta polusfere u azimutnoj projekciji (Fran¢ula 2019).
Spomenimo na kraju da se moze na¢i i neobi¢na
tvrdnja da web-Mercatorova projekcija nije ni elip-
soidna ni sferna: "The projection is neither strictly ellip-
soidal nor strictly spherical." Wikipedia (2020). Medu-
tim, dvojbe ne bi trebalo biti jer je podruéje definicije
ili domena te projekcije ploha rotacijskog elipsoida.
Prema tome, rijeC je o projekciji elipsoida u ravninu.

1. Web-Mercatorova projekcija kao dvostruko
preslikavanje

Stefanakis (2017) opisuje nastanak web-Mercatoro-
ve projekcije u kojoj su u formule Mercatorove projek-
cije za sferu uvrstene elipsoidne koordinate. Pri tome
piSe: ,,Notice that the ellipsoidal coordinates of any point P
were never transformed to spherical. Apparently, Google deve-
lopers wanted to reduce the computational cost of transforma-
tions at the server side.” Stefanakis (2017) nije u pravu kad
kaZe da koordinate s elipsoida nisu nikad transformira-
ne koordinate na sferi. Naime, opisani Googleov postu-
pak, kojim je u formule uspravne Mercatorove projekci-
je za preslikavanje sfere uvrstio elipsoidne koordinate,
mozZe se interpretirati kao dvostruka projekcija elipso-
ida u ravninu. Prvo je elipsoid preslikan na sferu uz uvjet
da su koordinate na sferi jednake koordinatama na
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elipsoidu i potom je sfera konformno preslikana u rav-
ninu. Prema nasem saznanju nitko do sada nije inter-
pretirao web-Mercatorovu projekciju na taj nain. Na
slici 1 (slika 7 kod Stefanakisa (2017)) tocke s elipsoida
kroz neprozirni lijevak sfernih formula preslikavaju se
u web-Mercatorovu projekciju, iako je na slici i sfera.
Umjesto lijevka trebala je biti sfera (slika 2).

Neka je preslikavanje s rotacijskog elipsoida s ve-
likom poluosi a na sferu polumjera R zadano ovako:

R=a (49)

¢'=@il =AM (50)

U formulama (50) oznadili smo geografske koor-
dinate na sferi s @', A', a geodetske koordinate na
elipsoidu s @, L. Takvo preslikavanje Kavrajskij
(1958) naziva preslikavanje u skladu s normalama
(u306pa3fceHue Cc coomeemcmeuem no HOpMaﬂﬂM).
Hristov i Daskalova (1970) nazivaju ga preslikavanje
koje ¢uva geografske koordinate (uzo6pasicenue npu
3anaseane na 2eozpagckume KOOpOUHAML).

Faktori lokalnog mjerila duljina za to preslikavanje su:

(51)
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In mid-2018, Google Maps was available online on a
new mathematical basis. This is most easily seen on a
map of the smallest scale. It is no longer a map of the
world in the Web Mercator projection, but a map of the
hemisphere in azimuthal projection (Francula 2019).

Let us mention at the end that one can also find
the unusual claim that the Web Mercator projection
is neither strictly ellipsoidal nor strictly spherical
(Wikipedia 2020). However, there should be no doubt
because the domain of definition of that projection is
the surface of a rotational ellipsoid. Therefore, it is a
projection of an ellipsoid into a plane.

7 Web Mercator projection as double mapping

Stefanakis (2017) describes the origin of the Web
Mercator projection in which ellipsoidal coordinates
are included in the formulas of the Mercator projection
for the sphere. He writes, "Notice that the ellipsoidal co-
ordinates of any point P were never transformed to spherical.
Apparently, Google developers wanted to reduce the compu-
tational cost of transformations at the server side." Stefana-
kis (2017) is wrong when he says that coordinates from
an ellipsoid are never transformed coordinates on a
sphere. Namely, the described Google procedure by
which ellipsoidal coordinates are substituted in the
formulas of the normal aspect Mercator projection for
mapping a sphere can be interpreted as a double pro-
jection of an ellipsoid into a plane. First the ellipsoid is
mapped onto the sphere provided that the geographic
coordinates on the sphere are equal to the geodetic co-
ordinates on the ellipsoid and then the sphere is con-
formally mapped into the plane. To our knowledge, no
one has interpreted the Web Mercator projection this
way so far. In Figure 1 (Figure 7 in Stefanakis (2017)) the
points from the ellipsoid are mapped onto a Web Mer-
cator projection through the opaque funnel of spheric-
al formulas, although the figure includes the sphere.

Instead of a funnel there should have been a
sphere (Figure 2).

Let the mapping from a rotational ellipsoid with
a large semiaxis a to a sphere of radius R be given as
follows:

R=a (49)

o'=¢andA'= L (50)
In formulas (50) we denoted the geographical co-
ordinates on the sphere with ¢', 1!, and the geodetic co-
ordinates on the ellipsoid with ¢, A. Such a mapping
Kavrayskiy (1958) calls mapping in accordance with the

normals (uso6padicenue ¢ coomeememeuem no Hopmansm).
Hristov and Daskalova (1970) call it mapping with pre-
serving the geographical coordinates (uso6pasicenue npu
sanazeane na 2eozpaghpckume xoopounamu). The local lin-
ear scale factors of that mapping are:

(1 —e*sin® (p)3

Rdp" a
=P =2 . (51)
Mdp M 1—e
Rcos@'dh' a COT
= = = 1-¢’sin“o. (52)
! Ncosedh N ?

The equations of the normal aspect Mercator
projection are:

X:K(k—ko),y:Klntan(§+%j, (53)
with the local linear scale factors
hy =k, =—~ (54)
Rcoso

The constant K is generally determined consider-
ing that the local linear scale factor along the parallel
corresponding to the latitude @, is equal to 1, hence

K =R cos@,. (55)

By definition, for the Web Mercator projection
there is ¢, = 0 (EPSG 2014), so we have

K=R=aq, (56)

hy=ky = (57)

cosQ

So, for the Web Mercator projection, understood
as double mapping we have

(1 —e”sin’ (p)3

h=hh,="——+——,
b (1—e2)c05(p
1-é’sin® @
k=kk, = o050

which are the already known formulas (42) and (43)
but now derived in another way.

1
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Web Mercator

Slika 2. Slika nastala modifikacijom slike 1. umjesto ¢arobnoga lijevka stavljena je sfera i na taj je nacin omoguceno
jednostavno objasnjenje web-Mercatorove projekcije kao dvostrukog preslikavanja.
Fig. 2 Image created by modification of Figure 1 instead of a magic funnel, a sphere was placed, thus enabling a simple
explanation of the Web Mercator projection as double mapping.

k1=M=£=«'1—ez sinz(p. (52)

Ncosedh N

JednadZbe uspravne Mercatorove projekcije sfere su:

x:K(X—ko),y:Klntan(§+gj, (53)
s faktorom lokalnog mjerila duljina
hy =k, =—~ (54)
Rcoso

Konstanta K je openito odredena uz uvjet da fak-
tor lokalnog mjerila duljina uzduz paralele kojoj od-
govara Sirina @, bude jednak 1, odakle slijedi da je

K =R cosq,. (55)

Po definiciji za web-Mercatorovu projekciju vri-
jedi @, =0 (EPSG 2014), pa imamo

(56)

. (57)
cosQ®

Dakle, za web-Mercatorovu projekciju, shvacenu
kao dvostruko preslikavanje, imamo
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3
(l—e2 sin’ (p)
h=hh, = ,
v (l—ez)coscp
1—-eé’sin’@
k=kok, = oso

Sto su veé poznate formule (42) i (43) izvedene na
drugi nacin.

8. Usporedba Mercatorove i webh-Mercatorove
projekcije

U tablici 2. dajemo usporedbu faktora lokalnih
mjerila duljina uzduZ meridijana i paralela i maksi-
malne deformacije kuta izmedu Mercatorove i web-
Mercatorove projekcije. Pri tom je odabrana Merca-
torova projekcija za koju je standardna paralela
ekvator (K = a).

Sli¢nu tablicu ima Bildirici (2015). Vasilca i dr.
(2018) istraZili su razlike izmedu Mercatorove i web-
Mercatorove projekcije pravilno upozoravajuéi da ih
se, iako imaju sli¢na imena, ne smije poistovjetiti. Us-
poredili su formule jedne i druge projekcije, koordi-
nate odredenog broja tocaka i granice Rumunjske na
kartama u obje projekcije. U zakljucku isti¢u: "Web
Mercator projection features significant differences from the
Mercator projection in the following aspects: the reference
surface is a sphere and not an ellipsoid,...“, $to nije to¢no.
Referentna ploha u obje projekcije je elipsoid WGS 84.
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8 Comparison of the Mercator and the Web
Mercator projection

Table 2 compares the local linear scale factors
along meridians and parallels and the maximum angle
distortion between the Mercator and Web Mercator
projection. The Mercator projection for which the
standard parallel is the equator (K = a) was chosen.

Bildirici (2015) has a similar table. Vasilca et al.
(2018) investigated the differences between the
Mercator and Web Mercator projections by correctly
warning that they should not be equated even
though they have similar names. They compared the
formulas of both projections, the coordinates of a
certain number of points and the borders of Romania
on the maps in both projections. In conclusion, they
point out: "The Web Mercator projection features signi-
ficant differences from the Mercator projection in the fol-
lowing aspects: the reference surface is a sphere and not an
ellipsoid; ...", which is not true. The reference surface
in both projections is the ellipsoid WGS84.

9 Conclusion

In this paper, we investigated several projections
of the surface of a rotational ellipsoid into a plane. We
have shown that the Web Mercator projection is not a
projection of a sphere onto a plane, because its do-
main of definition is the surface of an ellipsoid. Thus,
it is one of the projections of a rotational ellipsoid in a
plane although its equations are identical to the
equations for the projection of a sphere. Although the
equations are the same at first glance, the difference
is in the area of definition of the projection. Unlike
other ellipsoid projections in which the distortion
distribution can be regulated by selecting the para-
meter we have denoted by K in this paper, in the Web
Mercator projection this is not possible, because the
distortion distribution is fixed. However, this is not a
disadvantage because, as with all other projections,
the effect of distortion can and must be removed.

The Web Mercator projection can also be inter-
preted as a double mapping: mapping an ellipsoid to
a sphere according to normals and then mapping a

Table 2 Comparison of local linear scale factors along meridi-
ans and parallels and maximum angle distortion between the
Mercator projection whose standard parallel is the equator and
the Web Mercator projection, both for ellipsoid WGS84.
Tablica 2. Usporedba faktora lokalnih mjerila duljina uzduz
meridijana i paralela i maksimalne deformacije kuta izmedu
Mercatorove projekcije kojoj je standardna paralela ekvator i
web-Mercatorove projekcije, obje za elipsoid WGS84.

Web Mercator projection Mercator
projection
Web-Mercatorova projekcija Mercatorova
projekcija
ol°] h k h/k o'l h=k
0 1.006739 1.000000 1.006739 23.09 1.000000
10 1.021961 1.015324 1.006536 22.40 1.015324
20 1.070092 1.063761 1.005951 20.40 1.063761
30 1.159566 1.153734 1.005055 17.33 1.153734
40 1.308756 1.303601 1.003955 13.57 1.303601
50 1.556989 1.552665 1.002785 9.56 1.552665
60 1998334 1.994973 1.001685 5.79 1.994973
70 2.917448 2.915150 1.000788 2.71 2.915150
80 5.741212 5.740046 1.000203 0.70 5.740046
85 11.436122 11.435537 1.000051 0.18 11.435537

sphere to a plane according to the formulas of a Mer-
cator projection for a sphere.

The Web Mercator projection is not a conformal
projection, but it is close in properties to the Mercator
projection. Naturally, the idea of web-equidistant,
web-Lambert and similar projections is now emerging.
These projections would be created by taking equa-
tions for mapping a sphere and substituting geodetic
coordinates in them instead of geographical ones.

This way we would get approximately equidistant,
approximately equal-area, etc. projections. This could
be the subject of further research.

1
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9. Zakljutak

U ovome smo radu istrazili nekoliko projekcija
plohe rotacijskog elipsoida u ravninu. Pokazali smo
da web-Mercatorova projekcija nije projekcija sfere
u ravninu jer je njezino podrucje definicije, odnosno
domena, ploha elipsoida. Dakle, to je jedna od pro-
jekcija rotacijskog elipsoida u ravninu premda su
njezine jednadzbe istovjetne jednadzbama za pro-
jekciju sfere. Iako su jednadzbe na prvi pogled iste,
razlika je u podrudju definicije projekcije. Za razliku
od ostalih projekcija elipsoida kod kojih se razdioba
deformacija moZe regulirati izborom parametra koji
smo u ovom ¢lanku oznacili s K, kod web-Mercatorove
projekcije to nije mogude. Kod nje je razdioba deforma-
cija fiksirana. Medutim, to nije nedostatak jer se, kao i
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