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Abstract: A polyazimuthal map projection is a mapping that represents parallels as non-concentric full circles on the
plane. Polyazimuthal mappings are almost never mentioned in the literature dealing with map projections. However,
these projections are flexible; their distortion characteristics are highly mutable. This paper expands the theory of
polyazimuthal map projections. Furthermore, this study also shows the derivation for variants of this projection fam-
ily (e. 9. equal-area, orthogonal). The article concludes with some practical applications in the field of low-distortion

map projections to demonstrate their advantages.
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1 Motivation

What is a polyazimuthal map projection? Just a
simple literature search shows that even the termin-
ology is inconsistent among researchers. It is obvi-
ous that pseudoconic projections map parallels to
concentric circular arcs and polyconic projections
map them to non-concentric circular arcs (Francula
and Lapaine 2018). The opinion of the author is that
consequently pseudoazimuthal and polyazimuthal
projections should be alike: as the former maps par-
allels to concentric full circles (Bugajevskij and
Snyder 1995, p. 129), the latter should map them to
non-concentric full circles. This definition can be
found in Russian literature (Serapinas 2005, p. 63).

On the other hand, English literature uses the
term polyazimuthal projection for different types of
map projections. The term may refer to projections
that map parallels to concentric ellipses. It may
mean projections that map meridians to straight
lines, and are conformal at the pole, but the images
of the parallels are not circles (Canters 2002, p. 31).
Fuller (1975) also calls his polyhedral projection as
polyazimuthal. Furthermore, even an animated per-
spective azimuthal projection with a moving plane is
referred to as polyazimuthal (Saalfeld 1997).

The main motivation of this study was a single
paragraph in Serapinas (2005, p. 63): “Polyazimuthal
map projections can have arbitrary distortion char-
acteristics. Unfortunately, the practical value of

these projections is not perfectly clear.” The aim of
this study is to examine the usefulness of this exotic
but flexible class of map projections and discover
their properties. The paper provides exact formulae
and derivation of low-distortion polyazimuthal map
projections and demonstrates that maps using such
projections can also have high aesthetic values.

The only considerable work on this topic is due to
Tolstova (1981) who reviewed various types of
polyazimuthal projections and presented formulae
and derivations for certain equal-area and conformal
variants, but she did not list general solutions suitable
for optimization, she only reported some examples.
She was the first to denote this group of mappings as
polyazimuthal (noruasumymanenas npoexyus).

2 Common Properties

According to the definition of Serapinas (2005, p.
63), a polyazimuthal map projection is a mapping in
which parallels are eccentric circles on the map, me-
ridians appear as curves that meet at the pole, and
the centres of the mapped parallel circles lie on the
mid-meridian.

The former definition does not mention axial
symmetry, but due to aesthetic reasons, it is rational
to restrict the scope of the study to map projections
that are symmetrical to the vertical axis. This implies
that the mid-meridian must be straight on the map.

Such polyazimuthal map projections may never be
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SaZetak: Poliazimutna kartografska projekcija je preslikavanje paralela kao nekoncentrinih kruznica u ravnini pro-
jekcije. Poliazimutna preslikavanja se ne spominju gotovo nigdje u literaturi o kartografskim projekcijama. Medutim,
te su projekcije fleksibilne, a njihove distorzije jako promjenljive. Ovaj ¢lanak proSiruje teoriju poliazimutnih projek-
cija. Nadalje, ova studija takoder daje izvod razligitih varijanti takvih projekcija (npr. ekvivalentne, ortogonalne). Cla-
nak zavrSava s nekoliko prakticnih primjena u podrucju kartografskih projekcija s malim distorzijama kako bi se

demonstrirale njihove prednosti.
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1. Motivacija

Sto je to poliazimutna projekcija? Jednostavno
pretrazivanje literature pokazuje da terminologija
medu istraZiva¢ima nije konzistentna. OCito je da
pseudokonusne projekcije preslikavaju paralele u
koncentri¢ne kruzne lukove, a polikonusne ih pres-
likavaju na nekoncentri¢ne kruzne lukove (Franc¢ula
i Lapaine 2018). Prema misljenju autora pseudoazi-
mutne i poliazimutne trebalo bi definirati na slican
nalin: prve preslikavaju paralele na koncentri¢ne
kruZnice (Bugajevskij i Snyder 1995, str. 129), a druge
na nekoncentricne kruZnice. Takva se definicija mo-
Ze nadi u ruskoj literaturi (Serapinas 2005, str. 63).

S druge strane engleska literatura upotrebljava
termin poliazimutne projekcije za drukdiji tip pro-
jekcija. Taj se naziv moZe odnositi na projekcije koje
preslikavaju paralele na koncentri¢ne elipse. MoZe
znaditi i projekcije koje preslikavaju meridijane u
pravce, konformne su u polu, no slike paralela nisu
kruznice (Canters 2002, str. 31). Fuller (1975) takoder
naziva svoju poliedarsku projekciju poliazimutnom.
Nadalje, ¢ak se i animirana perspektivno azimutna
projekcija s pomi¢nom ravninom naziva poliazimut-
nom (Saalfeld 1997).

Glavna motivacija za ovaj rad bio je jedan odlomak
u Serapinasovoj knjizi (2005, str. 63): “Poliazimutne
projekcije mogu imati proizvoljne karakteristike dis-
torzija. Nazalost, prakti¢na vrijednost tih projekcija
nije sasvim jasna.” Cilj je ovoga rada istraZiti korisnost
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te egzoticne, ali fleksibilne klase projekcija i otkriti
njihova svojstva. Clanak daje egzaktne formule i iz-
vode za poliazimutne projekcije s malim distorzijama
i pokazuje da karte izradene u takvim projekcijama
mogu imati veliku estetsku vrijednost.

Jedini znacajniji rad na tu temu je onaj Tolstove
(1981) koji prikazuje razli¢ite tipove poliazimutnih
projekcija i daje formule i izvode za izvjesne ekviv-
alentne i konformne varijante, ali ne daje op¢a rjeSenja
pogodna za optimiranje. Ona daje samo primjere i prva
je koja je imenovala tu skupinu projekcija kao poliazi-
mutne (noruasumymansras npoexyus).

2. Svojstva poliazimutnih projekcija

Prema Serapinasovoj definiciji (2005, str. 63),
poliazimutna projekcija je preslikavanje kod kojega
su paralele na karti ekscentri¢ne kruZnice, meridi-
jani krivulje koje se susre¢u u polu, a sredista kruz-
nica, koje su slike paralela, leZe na srednjem
meridijanu. Ta definicija ne spominje osnu simetri-
ju, no zbog estetskih razloga razumno je ograniciti
istrazivanje na projekcije koje su simetri¢ne s obzi-
rom na vertikalnu os. To implicira da slika srednjeg
meridijana mora biti pravac. Takve poliazimutne
projekcije nece nikad biti simetri¢ne u odnosu na
horizontalnu os jer bi u tom sluéaju slike paralela
bile koncentri¢ne.

Sve su preslikane paralele kruznice pa je, prema
tome, slika infinitezimalne kruZnice sa srediStem u
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symmetrical to the horizontal axis, as this would
mean that parallels are concentric.

All mapped parallels are circles; consequently,
the image of the infinitesimal circle centred on the
pole is a circle on the map. According to the theorem
of Tissot (1878), this means that such mappings must
be conformal at the pole. This work will often use this
result. Due to the previous arguments, it is clear that
the normal aspect of a polyazimuthal mapping is a
good choice for areas that
= are large enough so that the lower distortion of

such complicated projections is visible when

compared to traditional, simpler mappings,

»  lie on high latitudes where the angular distortion
must be low,

»  and are highly asymmetrical to the pole.

The notational system of the paper is as follows: If
the mapped area is large, the difference between the
ellipsoid of revolution and the sphere is negligible;
therefore, the reference frame will be a unit sphere.
The sphere is parametrized by the colatitude J and
the longitude 1 eastwards from an arbitrary mid-
meridian 4. The colatitude ¢ is calculated from the
latitude p asd=7 /2 — ¢.

The planar coordinates are described by usual
Cartesian coordinates x, y. To gain simple formulae,
polar coordinates are also introduced:

0(9) stands for the radius of the mapped parallel
circle with colatitude 6 (Figure 1). ¢ must be a strictly
increasing function. It must be zero at the pole to
gain a continuous representation. c(d) denotes the
distance between the axis x and the centre of the
mapped parallel circle. The derivative dc/dd must be
zero at the pole. It is necessary because a c(d) function
not fulfilling the previous condition would result in
linear scales that depend on the longitude at the pole.
This would contradict a previous statement, accord-
ing to that there is conformity at the pole.

The polar angle measured in the centre of the
parallels counter-clockwise from the negative axis y
is denoted by w(d, 4). The auxiliary angle y = o — /. will
also be used, which is an odd function of 4 due to the
prescribed axial symmetry. The straight mid-me-
ridian enforced by the axial symmetry means that

VkeZ:y(5, kr)=0. @)

To yield a continuously differentiable represent-
ation of the anti-meridian, y must also fulfil

Vk e Z:y(8,A+2kr)=x(5, ). )

These altogether mean that y is a periodic, odd
function of 4 with a period of 2.

=y

Fig. 1 Polar coordinates used in this paper.
Slika 1. Polarne koordinate upotrijebljene u ovom ¢&lanku.

Following equations describe the conversion
between Cartesian and polar coordinates (cf. Figure 1):

X =Qsinw )

y=Cc—QCos® , (4)

Formulae of map projections are usually smooth.
(A vector-vector function is called smooth in this
study if its partial derivatives of arbitrarily high or-
der are continuous.) However, this smoothness is
usually not present at the poles. In spite of this,
while seeking the map projection with the lowest
distortion possible, the author experienced that dis-
tortion isolines could follow the boundary more ef-
fectively when smoothness was enforced at the pole.
This is desirable according to the theorem of Cebisev
(1856). It is reasonable to assume smoothness at the
pole: Polyazimuthal mappings are a good choice for
regions at high latitudes where the pole will not ap-
pear at the edge of the map, rather inside the area of
interest. Although there is no rigorous proof, it is
likely that optimal map projections are smooth at
inner points of the represented area.

This imposes further conditions. Although J may
never be negative, it is a necessary condition of
smoothness at the pole that o(d) is odd and c(J) is
even. This will guarantee that high-order derivatives
of linear scales are continuous in all directions.

Tolstova (1981) preferred polyazimuthal projec-
tions that have a true-scale mid-meridian. This res-
ults in the relation ¢ =g — d, meaning that Tolstova’s
¢ is an odd function. Consequently, her mappings are
not smooth at the pole. In this paper, the differenti-
ability of map projections is considered more im-
portant than a true-scale mid-meridian; poly-
azimuthal map projections developed in this paper

will not have the latter property.
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polu kruZnica na karti. Prema Tissotovom teoremu
(1878) to znaci da takvo preslikavanje mora biti konfor-
mno u polu. U ovom (e se radu taj rezultat Cesto upo-
trebljavati. Zbog prethodnih argumenata, jasno je da
je normalni aspekt poliazimutne projekcije pogodan
izbor za podrudja koja:

= su dovoljno velika pa su manje distorzije takvih

kompliciranih projekcija vidljive u usporedbi s

tradicionalnim, jednostavnijim preslikavanjima
» leZe na veéim Sirinama gdje distorzije kutova

moraju biti male
» suvrlo asimetri¢na prema polu.

Sustav oznaka u ¢lanku je sljedeéi: ako je podru-
¢je preslikavanja veliko, razlika izmedu rotacijskog
elipsoida i sfere je zanemariva, dakle referentna
ploha bit ée jedini¢na sfera. Sfera je parametrizirana
zenitnom daljinom (colatitude) J i geografskom du-
Zinom A isto¢no od proizvoljnog srednjeg meridija-
na A,. Zenitna se daljina § raCuna iz geografske
Sirine g kao d=7/2 — ¢.

Koordinate u ravnini opisane su uobicajenim
kartezijevim koordinatama x, y. Da bi se dobile jed-
nostavne formule, uvode se polarne koordinate:

0(9) oznacava polumjer kruznice koja je slika pa-
ralele kojoj odgovara zenitna daljina J (slika 1). o
mora biti strogo rastuéa funkcija. Njezina vrijednost
u polu mora biti nula kako bi se dobio prikaz bez pre-
kida. c(6) oznacava udaljenost izmedu osi x i sredista
kruZnice koja je slika paralele. Derivacija dc/dé mora
biti jednaka nuli u polu. To je nuzno jer bi funkcija
c(6), koja ne bi ispunjavala taj uvjet, dala linearno
mjerilo koje ovisi o geografskoj duZini u polu. To bi
bilo kontradiktorno prethodnoj tvrdnji prema kojoj
je projekcija u polu konformna.

Polarni kut s vrhom u sredistu slike paralele i
mjeren u suprotnom smjeru od kazaljke na satu od
negativnog smjera osi y oznalen je s w(d, A). Pomocni
kut y = @ — 2 treba biti neparna funkcija od 4 zbog
pretpostavljene osne simetrije. Pravocrtni srednji
meridijan zbog zadane osne simetrije implicira

VkeZ:y(5, kr)=0. (1)

Da bi se dobio neprekidan diferencijabilan prikaz
antimeridijana, y mora ispuniti sljedece

Vk € Z: y(5,A+2kr) = x(3, A). ©)

To znadi da je y periodi¢na, neparna funkcija 1 s
periodom 2.

Sljedeée jednadZbe opisuju konverziju izmedu
kartezijevih i polarnih koordinata (vidi sliku 1):
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X =0sinw 3)

y=C—QCos®, (4)

Formule su kartografskih projekcija obi¢no glat-
ke. (U ovom se radu funkcija naziva glatkom ako su
njezine parcijalne derivacije bilo kojeg reda nepre-
kidne.) Medutim, ta glatkoéa Cesto ne postoji u polo-
vima i autor je ustanovio da, kad se traZi projekcija s
najmanjom mogucom distorzijom, izolinije distorzi-
je mogu ucinkovitije slijediti rub podruéja ako je
postavljen uvjet glatkoée u polu. To je poZeljno u
skladu s teoremom CebiSeva (1856). Ima smisla pret-
postaviti glatko¢u u polu - poliazimutna preslikava-
nja su dobar izbor za podrudja u veéim Sirinama kod
kojih pol nele biti na rubu karte, nego unutar podru-
ja. Tako ne postoji strogi dokaz, ¢ini se da su opti-
malne projekcije glatke u unutras$njim tockama
prikazanog podrudja.

To postavlja daljnje uvjete. Iako d ne moZe nikada
biti negativan, nuzan uvjet glatkoée u polu je da je
0(9) neparna funkcija, a ¢(d) parna funkcija. To e ga-
rantirati da su derivacije viSih redova linearnog mje-
rila neprekidne u svim smjerovima.

Tolstova (1981) je preferirala one poliazimutne
projekcije koje imaju srednji meridijan bez distorzija.
To rezultira relacijom c =g — 4, $to znaci da je kod Tol-
stove ¢ neparna funkcija. Prema tome, njezina preslika-
vanja nisu glatka u polu. U ovom se radu smatra da je
diferencijabilnost projekcije vaznija od srednjeg meri-
dijana bez distorzije. Poliazimutne projekcije u ovom
radu neée imati to posljednje navedeno svojstvo.

3. Procjena i optimiranje distorzija poliazimutnih
projekcija

Tradicionalni nacin procjene distorzija neke pro-
jekcije temelji se na Tissotovoj indikatrisi. Najprije
treba izraCunati kut 9 izmedu meridijana i paralela u
projekciji (Snyder 1987, Gydrffy 2002):

N Y de oo
_odp 0hde_d5° """ %%s 5)
Oxdy OQyox de o Do

5100 040 do.

cot4

Zatim se izracunaju linearna mjerila u smjerovi-
ma meridijana i paralela:

2 2 d—g—ﬁcosa)
h= [ﬁj {@] _ds ds (6)
op op sing
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3 Estimation and Optimization of Distortions in
Polyazimuthal Map Projections

The traditional way to estimate map distortion is
based on the Tissot indicatrix. As a first step, one
should calculate the mapped angle $ between the
meridians and parallels (Snyder 1987, Gydrffy 2002):

O Y de oo
cotg_ A0 0200 _d5 """ %55 (5)

OOy yox  de oo, 00

010p 0Adp do 05

Next, the linear scales are calculated in the direc-
tions of meridians and parallels:

ox V. 2 d—g—d—cosa)
SEEEE =
op op sing
BRI
k=0t \OA) _“oi. (7)
cos@ sino

Finally, the semi-axes a and b of the Tissot in-
dicatrix are:

AW+ +2hksin g+’ +K ~2hksing  (q)
2

Vh? +k? + 2hksin g~ +K* ~2hksin g (q)
: :

b:

The overall distortion value containing both the
effects of the areal and angular distortions over large
areas S can be measured effectively using the Airy-
Kavrajskij criterion (Franula 1971). An essentially
equivalent version of its formula allows weighting
the areal and angular distortions (Bajeva 1987). Here,
both weights are 1/2 to reduce the shape distortion
of continents (Kerkovits 2019):

In (ab)+ In® (a/b
e lf n(ab)+In(afb) , ljlnzann%ds_(m)
5y 2 S1

This integral was evaluated numerically using two-
point Gaussian quadrature generalized for irregular
spherical polygons (Kerkovits 2017, Kerkovits, in press).

The overall distortion E was minimized in the follow-
ing manner: Unknown functions were approximated by

fifth-degree series. Unknown coefficients of the
series were determined by a modified Nelder-Mead
method (Kaczmarczyk n. d.) suitable for a bigger
number of parameters. Canters (2002) applied a sim-
ilar method for such tasks.

In sections 4 — 8, various types of polyazimuthal
projections are developed. All possible projections
are adapted using the methodology described previ-
ously for two study areas (cf. Figure 2):
= The Northern Atlantic Ocean and the Arctic Sea to-

gether with 4 =—45° (Displayed in green on Figure 2)
= Southern lands: Antarctica, Australia, and New

Zealand with 4, = 135° (The colatitude ¢ is meas-

ured from the South Pole. Violet area on Figure 2)

The coordinates of the vertices defining these
polygons were extracted from shapefiles found in
the Natural Earth database. The reader may find the
resulting low-distortion projections in section 9.

4 General Aphylactic Polyazimuthal Projection

The easiest task is to develop low-distortion
polyazimuthal mapping without any further expect-
ations concerning the distortions and the properties
of the graticule. ¢ and ¢ are respectively odd and
even functions of one variable. Any smooth function
can be approximated using Maclaurin series:

(11)
(12)

Q=10 +1,0° +1,0° + -
_ 2 4
C=Go+G50 +6,0° +-+

where ¢, results in only a translation of the
whole map, it can be safely disregarded without loss
of generality.

To determine w, the y auxiliary angle is used as
defined in section 2. It is a periodic odd function of 4,
so a Fourier sine series can approximate it to any de-
sired accuracy. Being a bivariate function, the Fourier
coefficients of y are not constants, rather functions of
0. Maclaurin series are used for the approximation of
the Fourier coefficients:

x= (Wo1 + W10+ Wy O+ -)sinxl

+<Woz +wp,0 + W2252 o ')sin(zi) (13)

+(w03 + W30 + W0 +---)sin(3/1)+~-

To gain smooth representation at the pole, some
of the w;; coefficients must be zero:
= The linear scale must be any times differentiable

on bimeridians crossing the pole. The odd ¢ and
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Slika 2. Podrucja za koja su izv

edene poliazimutne projekcije.

Fig. 2 Study areas for the developed polyazimuthal map projections.

x
o2

Oy

)3 o

k= 04) _"or, )
cos@ sino
Konaéno, poluosi a i b Tissotove indikatrise su:
VK 4K+ 2hksin g +\h? + K2~ 2hksing (g

2

VR +k? + 2hksing —Vh? +k* ~2hksing (o)
: :

b:

Cjelokupna vrijednost distorzije koja sadrzi ucin-
ke distorzija povrsina i kutova na podrudju S moze se
ucinkovito mjeriti kriterijem Airy-Kavrajskoga (Fran-
Cula 1971). Ekvivalentna verzija te formule omogu-
¢ava davanje tezina povrSinskim i kutnim distorzija-
ma (Bajeva 1987). U ovom su radu obje teZine 1/2
kako bi se smanjila distorzija oblika kontinenata

(Kerkovits 2019):
E [In*a+In*bds . (10)
S S

Taj je integral procijenjen upotrebom numericke
integracije Gaussovom metodom (2 point Gauss Quad-
rature), poopéene na neregularne sferne poligone
(Kerkovits 2017, Kerkovits u tisku).

Cjelokupna distorzija E je minimizirana na sljede-
¢i nadin: nepoznate funkcije aproksimirane su redo-
vima petog stupnja. Nepoznati koeficijenti redova

1
F= |=
S

In?(ab)+In’(a/b) ds—
2

J

N

odredeni su modificiranom metodom Neldera i Me-
ada (Nelder-Mead method, Kaczmarczyk, n. d.) pogod-
nom za vedi broj parametara. Canters (2002) je za
takve zadatke primijenio sli¢nu metodu.

U poglavljima 4 - 8, izvedeni su razli¢iti tipovi po-
liazimutnih projekcija. Sve mogudée projekcije prila-
godene su upotrebom prethodno opisane metodolo-
gije za dva podrudja (vidi sliku 2):

Sjeverni Atlantski ocean i Arkticko more uz 4, =—45°
(Prikazano zelenim na slici 2)
juzne zemlje: Antarktika, Australija i Novi Zeland
uz A =135° (Zenitna daljina d mjerena je od Juznog
pola; ljubicasto podrudje naslici 2).

Koordinate vrhova koji definiraju te poligone iz-
vadene su iz datoteka (shapefiles) u bazi Natural Ear-
th. Rezultirajuée projekcije s malim distorzijama
nalaze se u poglavlju 9.

4. Opéa afilakticka poliazimutna projekcija

Najjednostavniji je zadatak dobiti poliazimutno
preslikavanje s malim distorzijama bez dodatnih
oCekivanja na distorzije i svojstva kartografske mre-
Ze. ¢ i ¢ suneparna, odnosno parna funkcija jedne va-
rijable. Svaka se glatka funkcija moZe aproksimirati
upotrebom Maclaurinova reda:

(11)
(12)

Q=10 +1,0° +1,0° + -
c=6y+6,0" +6, 5"+

gdje ¢, znadi translaciju cijele karte pa se moZe
zanemariti bez gubitka opcenitosti.

L
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even c already ensure this; there is no additional
requirement on .

The curvature of bimeridians must be any times
differentiable. This may be fulfilled by setting
w; =0ifi+jis odd.

The high-order mixed partial derivatives of the
projection formulae must be independent of 4 at
the pole. Thus, it is necessary to set w; = 0if i <.
This also enforces the conformity at the pole
mentioned in section 2, because w,; is now zero
for allj. Therefore, y = 0 at the pole.

These additional requirements generate the fol-

lowing function for omega:

O=A+ g =2+(wy0+wyyd +-)sinA
(14)

+(w3353 +---)sin(3/1)+(w4454 4o -)sin(4/1)+ e

+(w2252 + w0 +-~-)sin(2&)

This series is now truncated for five-degree terms
(if sin(nl) is considered as a linear factor), consist-
ently with the other two functions. The inclusion of
the fifth power in § would not influence the fifth-or-
der directional derivatives at the pole. Eleven coeffi-
cients remain undetermined for a fifth-degree
approximation of the optimal map projection. See the
results in section 9.

5 Equal-area Polyazimuthal Projection

To develop an equal-area or equivalent projection,
the equation ab = hk sing = 1 must be solved. After sub-
stituting formulae (5) — (7) and simplifying the result
one may yield

092
ﬁ(@_cosa)il =1. (15)
sind \ do do

Knowing that the area of a spherical cap must be
equal to the area of the corresponding circle on the map:

272'(1—COS5)=QZ7Z . (16)

Rearranged using half-angle formulae:

g:\/z(l—coszé+sin2éj =Zsiné. (17)
2 2 2

This is substituted into formula (15):

ZSiné— 5 d
—ZM(COS— —Cos a)—cj =
sind 2 do

(18)

.0
dw Zsmzcosa) de

oA sins  dS

Until this point, the derivation of the equivalent
polyazimuthal projection can also be found in Tol-
stova (1981). Solving the separable partial differen-
tial equation for 4:

dc gsinw

_ (19)
do sind

A=w

+£(9)

where the integration constant f{d) must be zero
to get an odd function for w.

If the function ¢(6) is known, formula (19) uniquely
defines the function w(d, 1). Let us approximate the
unknown c(J) again by the following even polynomial:

c=6,0% +5, 0%+ (20)
Substitution back into formula (19) yields:

0(26,0 + 4,6 +---
A=w— ( ’ ! )sina). (21)

sind

The angle w cannot be expressed in a closed form,
only as an implicit function. Numerical methods must be
used to obtain approximate values. Two coefficients re-
mained undetermined for the fifth-degree optimization.

6 Orthogonal Polyazimuthal Projection

A map projection is orthogonal if all meridians
and parallels cross at right angles, i. e. cotd = 0
(Gyérfty, 2002):

Esir1a)+gd—w=0. (22)
do ds

Solving the separable partial differential equa-
tion for w:

dc

lntangz—_[dgd5+f(/l). (23)

The integration constant f{1) can be determined
from the fact that the projection must be conformal
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Da bismo odredili , upotrijebit éemo pomoéni
kut y definiran u poglavlju 2. To je periodi¢na nepar-
na funkcija od 1 pa se moZe aproksimirati Fouriero-
vim redom sinusa do bilo koje Zeljene to¢nosti. Zbog
funkcije dviju varijabli, Fourierovi koeficijenti y nisu
konstante, ve¢ funkcije od 4. Maclaurinovi redovi
sluZe za aproksimaciju Fourierovih koeficijenata:

x= (w01 + Wy, 0+ Wy, 0%+ -)sin/l

(13)

+(w02 + W0+ WyyOZ + - -)sin(zl)

+(w03 + W30+ W,30° +---)sin(3ﬂ,)+ .

Da bi se dobio glatki prikaz u polu, neki od koefi-
cijenata w; moraju biti jednaki nuli:

» Linearno mjerilo mora biti viestruko diferencij-
abilno na bimeridijanima koji prolaze polom.
Neparna funkcija ¢ i parna c to vel osiguravaju.
Nema dodatnih zahtjeva na w.

»  Zakrivljenost bimeridijana mora biti viSestruko
diferencijabilna. To se moze postiéi stavljanjem
w;; =0 ako je i +j neparno.

« MijeSane parcijalne derivacije viSeg reda u formulama
projekcije moraju biti neovisne u polu o A. Dakle,
nuzno je staviti w; = 0 ako je i <j. To ima za posljedicu
konformnost u polu, spomenutu u poglavlju 2, jer je
sada w; jednako nuli za sve j. Dakle, y = 0 u polu.
Navedni dodatni zahtjevi generiraju ovakav oblik

funkcije za omega:

a):/1+)(:/1+(w116+w3153 +---)sin/1
(14)

+(w3353 +---)sin(3/1)+(w4454 +- -)sin(4/1)+ e

+(w2252 + w0 +-~)sin(2£)

Ti su redovi sada skraceni do ¢lanova 5. reda (ako
se sin(nl) smatra linearnim faktorom), konzistentno s
dvjema drugim funkcijama. Uklju¢ivanje ¢lanova s
petom potencijom od J ne bi utjecalo na usmjerenu
derivaciju 5. reda u polu. Jedanaest koeficijenata osta-
je neodredeno za aproksimaciju 5. stupnja optimalne
projekcije. Rezultati se mogu vidjeti u poglavlju 9.

5. Ekvivalentna poliazimutna projekcija
Da bismo izveli ekvivalentnu projekciju, potrebno je

rijesiti jednadzbu ab = hk sind = 1. Uvrstavanjem formula
(5) - (7) i pojednostavljivanjem rezultata dobije se

20
04 (@ —cos wéj =1. (15)
sino \ do do
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Znajudi da povrsina sferne kapice treba biti jednaka
povrsini odgovarajuéeg kruga na karti, mora biti:
27;(1—cos5)=g27r. (16)

Preurediv§i upotrebom formula polovi¢nog kuta,
dobije se:

Q=\/2(1—c052é+sin2éj=Zsiné. (17)
2 2 2
Uvrstimo li to u (15), dobijemo:
Zsiné 0
20 (cosé —cos wi) =
sind 2 do
(18)

.0
ow 251n;cosa) de

s

o] sing

Do ovoga se mijesta izvodenja ekvivalentne
poliazimutne projekcije moZe takoder doéi kod
Tolstove (1981). RjeSavajué¢i metodom separacije
parcijalnu diferencijalnu jednadzbu po A:

_ﬁgsina)

(19)
do sind

A=w +£(6),

gdje integracijska konstanta f{d) mora biti jedna-
ka nuli da bi se dobila neparna funkcija w.

Ako je funkcija c(d) poznata, formula (19) na je-
dinstveni nacin definira funkciju w(d, 1). Aproksimi-
rajmo nepoznatu funkciju c(d) opet s pomocu ovog
parnog polinoma:

c=6,0% +¢, 0" + - (20)
Supstituirajuéi natrag u formulu (19), dobijemo:
Q(2g2§+ 4g453 +- )

sind

A=w sinw . (21)

Kut  se ne moZe izraziti u zatvorenom obliku, ve¢ sa-
mo kao implicitna funkcija. Da bi se dobile priblizne vri-
jednosti, potrebno je upotrijebiti numeritke metode. Uz
optimizaciju 5. stupnja ostaju neodredena dva koeficijenta.

6. Ortogonalna poliazimutna projekcija
Kartografska projekcija je ortogonalna ako se sli-

ke svih meridijana i paralela sijeku pod pravim ku-
tom, tj. ako je cotd = 0 (Gyorffy 2002):

(22)

de . do
—sinw+p——=0.
do do
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at the pole. That is if § = 0 then @ = A. The only pos-
sible function satisfying it is
f= lntang. (24)

Two functions, ¢ and ¢ are undetermined. The fa-
miliar approximation is used:

0=10+1,8° +18° +- - (25)

c=6,0% +5,0% +++-. (26)

Substituting into formula (23) and cancelling J in
the integrand:

(27)

1)
Intan—=-

.[ 2g2+4g452+... d5+lntani.
2 2

n+ns%+rot 4.

The antiderivative of a rational function is always
expressible in terms of standard mathematical func-
tions. r, is positive, otherwise, the function ¢ would
not be strictly increasing near the pole, which would
result in an unacceptable map. It is reasonable to as-
sume, that the only real root of ¢ is at d = 0, otherwise
a full parallel would collapse into a single point on
the map. Thus, the discriminant r,2 — 4r r, is negat-
ive. Therefore, r, must be positive. These assump-
tions make it possible to decompose the integrand
into the following partial fractions:

26, +46,6°
n +r352 +r5§4

_ P10+, n P59 + P (28)
5 +p,6+p, O +p,0+ps

where the coefficients p, to p, can be expressed
by solving a quartic equation. The long derivation is
omitted due to lack of space. The correct root is
chosen from the four solutions so that no negative
numbers appear under square roots:

\/ggz_z &6y

p1=—Ps = (29)
\/rlrs(z 1t —r3)
G
P2 =Pe = rzr (30)
1’5
o B 2\”'17’5 -1 (31)
Ps3=—p; = p
5
-
Pa=pa=[ (32)
5

The right side of the equation (28) is easy to in-
tegrate. Lets substitute its antiderivative into for-
mula (27) to gain the final solution for w:

lntangz_w arctanLﬂsz_
\VA4ps — 3 \VA4ps —ps
(33)
2
arctanM —p—llnwﬂnmni
4p,—p: ) 2 O —po+p,

Five coefficients (r,, r,, 1., ¢,, ¢,) remained un-
determined for further optimization.

7 Conformal Polyazimuthal Projection

Tolstova (1981) stated that a necessary and suffi-
cient condition for a polyazimuthal map projection
to be conformal is to fulfil both formula (22) for or-
thogonality and h = k:

sind 04

do do (34)
The first-order partial differential equation (34) is
hard to solve because it is not separable. Furthermore,
both sides depend on 4 through w, while the unknown
functions c and ¢ may only depend on d. Tolstova (1981)
listed a particular solution to this equation in her art-
icle. Careful investigation of her formulae shows,
however, that she only found a complicated way to de-
rive a transverse stereographic projection with the
bimeridian of +90° longitude as its standard line.
Examining polyconic projections, Adams (1934)
could solve the same set of differential equations half-
century earlier. After long pages of derivation, he
proved that conformal projections with circular paral-
lels must also have circular meridians. In other words,
the general solution to this set of differential equations
is the family of the Lagrange map projection.
Conformal polyazimuthal projections must be
holomorphic (i. e. conformal) at the pole (cf. chapter
2). On the other hand, the Lagrange map projection
family is generally singular (not conformal) at the
poles. Therefore, only a subset of the projection fam-
ily is appropriate, in that meridians reach the pole
with undistorted angles. Consequently, the only
possible conformal polyazimuthal projection is the
oblique stereographic one.
The oblique stereographic projection maps all
spherical circles to circles (Adams 1934); it satisfies the
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RjeSenje separabilne parcijalne diferencijalne
jednadzbe po w je:

dc
) (23)
Intan—=—|==do+ f(A4).
S = f(2)

Integracijska konstanta f{1) moZe se odrediti iz
¢injenice da projekcija mora biti konformna u polu.
To jest, ako je d = 0, onda je w = 4. Jedina funkcija koja
to zadovoljava je

f= lntan%. (24)

Dvije funkcije ¢ i ¢ su neodredene. Upotrijebit Ce-
mo poznatu aproksimaciju:

0=10+1,0° +150° + - (25)
c=6,0% +5,0% +++-. (26)
Uvr$tavanjem u formulu (23), dobit ¢emo:
2
Intan? = —_[ %t ;lg45 : as+ lntani. (27)
2 n+r0°+nd" +- 2

Integral racionalne funkcije uvijek se moze izra-
ziti s pomocu standardnih matematickih funkcija. r,
je pozitivan jer u protivnom funkcija ¢ ne bi bila
striktno rastuca u blizini pola, $to bi rezultiralo ne-
prihvatljivom kartom. Razumno je pretpostaviti da
postoji samo jedan korijen od ¢ za J = 0, jer bi se u
protivnom cijela paralela stisnula u tocku. Dakle,
diskriminanta r,2 — 4r r, je negativna. Prema tome, r,
mora biti pozitivan. Te pretpostavke omoguéuju ras-
tavljanje integrala u parcijalne razlomke:

26, +4g452
n +r352 +r554

o+ o+
:52;91 pZ + 2p5 p6 , (28)
+ps0+p, O +p;0+pg

gdje se koeficijenti p, do p, mogu izraziti rjesava-
njem jednadzbe Cetvrtog stupnja. Dugacki izvod iz-
ostavljamo. Ispravan je korijen odabran izmedu
Cetiriju rjeSenja tako da se ispod kvadratnih korijena
ne pojavljuju negativni brojevi:

\/Egz _2\/E§4

P1==Ps = (29)
nrs (2,/r1r5 —r3)
P2 =Ps = L (30)
nrs
pympy = | D (31)

Ts
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n
Ps=Ps =,
Tg

Desnu je stranu jednadzbe (28) lako integrirati.
Uvrstimo njezin integral u formulu (27) da bismo do-
bili konacno rjesenje za w:

(32)

lntan% :—M{arctan ps 20

4Py —p; V4P, —p3 .

ps +26 J_p_lln52+p35+p4

Jap, —p; ) 2 8" —psS+p,

Pet koeficijenata (r,, r,, r;, ¢,, ¢,) ostaje neodrede-
no za daljnje optimiranje.

(33)

A
arctan +Intan—.

7. Konformna poliazimutna projekcija

Prema Tolstovoj (1981) nuzan i dovoljan uvjet da
bi poliazimutna projekcija bila konformna je da su
ispunjene formule (22) za ortogonalnost i h = k:

g—coswiz—g o

o, (34)
ds d6 sind o4
Parcijalnu diferencijalnu jednadzbu prvog reda (34)

nije lako rijesiti jer nije separabilna. Nadalje, obje strane
ovise o 4 preko m, dok nepoznate funkcije ¢ i ¢ mogu
ovisiti samo o d. Tolstova (1981) je u svojem ¢lanku dala
partikularno rjeSenje te jednadzbe. Medutim, paZljivo
ispitivanje njezinih formula pokazuje da je ona nasla sa-
mo kompliciran nacin izvoda za popreénu stereografsku
projekciju s bimeridijanom #90° geografske duzine kao
standardnom linijom. Istrazujuéi polikonusne projekci-
je, Adams (1934) je pola stoljeca ranije rijesio isti skup
diferencijalnih jednadzbi. Nakon mnogo stranica izvoda
on je dokazao da konformne projekcije s kruznim para-
lelama moraju takoder imati kruzne meridijane. Drugim
rijeCima, ople je rjeSenje toga skupa diferencijalnih jed-
nadzbi familija Lagrangeovih projekcija.

Konformne poliazimutne projekcije moraju u polu
biti konformne (vidi poglavlje 2). S druge strane, La-
grangeove projekcije su u polovima opéenito singu-
larne (nekonformne). Dakle, jedini podskup te familije
koji odgovara je onaj kod kojega se meridijani u polu
sijeku pod kutom bez distorzije, a jedina moguca kon-
formna poliazimutna projekcija je kosa stereografska.

Kosa stereografska projekcija preslikava sve sfer-
ne kruZnice u kruZnice (Adams 1934) - ona zadovo-
ljava zahtjeve postavljene u definiciji poliazimutnih
projekcija. Medutim, nju ne bi trebalo smatrati

21
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Table 1 Optimal coefficients for the Northern Atlantic Ocean.
Tablica 1. Optimalni koeficijenti za Sjeverni Atlantski ocean.

Projection 7 7 7 3 B Wy, Wy, Wy Wi, Wy, Wy E
Projekcija
Aphylactic 0.995403 0.091755 0.016412 0.049418 0.067848 -0.122384 -0.100047 -0.091506 0.046000 0.022864 —0.009933 0.053943

Afilakticka  0,995403 0,091755 0,016412 0,049418

Equal-area — — — -0.079795 0.003259
Ekvivalentna - - —  -0,079795 0,003259
Orthogonal  0.965002 0.331444 0.085915 0.106875 0.302636

Ortogonalna 0,965002 0,331444 0,085915 0,106875 0,302636
Equidistant — — — -0.130302 -0.045537
Ekvidistantna ~— — — — -=0,130302 -0,045537

requirements imposed by the definition of polyazi-
muthal projections. However, it should not be con-
sidered as a separate polyazimuthal projection, rather
the properties of the simplest aspect should be ex-
amined (Wray 1974, Lapaine & Francula 2016). Thus, it
is rather an azimuthal projection than a polyazimuthal
one. There is no conformal, strictly polyazimuthal projection.

8 Polyazimuthal Projection with Equidistant Parallels

Tolstova (1981) indicated that it is possible to de-
velop a polyazimuthal mapping with true-scale paral-
lels. The linear scale along parallels must be unit (k= 1):

o0
Yor_, (35)
sino

Furthermore, the perimeter of the mapped par-
allels must be equal to their spherical length:

207 =27sin g, (36)
That is

0 =sind. (37)
Substitute (37) into (35):

oo (38)
oA

Integrate with respect to 4:

o=21+f(5), (39)

where the integration constant f{d) is zero to ob-
tain an odd function for .

The function c is yet undetermined, the usual ap-
proximation is used:

C:g252+g454+ (40)

Two coefficients can be used for further optimization.

0,067848 -0,122384 -0,100047 -0,091506 0,046000 0,022864 -0,009933 0,053943

0.089981
0,089981
0.066337
0,066337
0.170722
0,170722

9 Practical Application of Polyazimuthal Mappings

The four map projections (i. e. the aphylactic, equi-
valent, orthogonal, and equidistant ones) were optimized
using the methodology described in section 3. Results of
the optimization may be found in Table 1 and on Figure 3
for the Northern Atlantic Ocean. Table 2 and Figure 4 re-
port the results for the southern continents. Distortion
isolines are drawn onto the left and right halves of the
map separately to enhance readability; these lines are
symmetrical to the vertical axis. Green lines demonstrate
the maximum angular deviation 2arcsin[(a — b)/(a + b)]
and violet lines display the areal scale ab.

The figures clearly show that polyazimuthal map-
pings are appropriate for traditional cartography. Cir-
cular parallels result in high aesthetic value. This
advantage is only present in normal aspect. Thus,
polyazimuthal mappings are rather recommended
without graticule transformation. Furthermore, these
projections can depict the anti-meridian uninterrupted.

As it is expected, the distortion values (E) show that
the general aphylactic projection is the least distorted.
The orthogonal variant is a bit worse but the aesthetical
value of the orthogonal graticule compensates for this
effect. Should the map thematic require equivalency,
one may use the equal-area variant with its still favour-
able distortions, comparable to the orthogonal one. The
equal-area mapping is suggested because its distortions
are only visible in areas far from the mid-meridian.

The equidistant projection exhibits the worst distor-
tion characteristics. This variant cannot depict large areas
(c.f. the gaps in the figure), its distortion value is high. The
usage of this variant is discouraged. This projection re-
duces areas considerably almost everywhere on the map.

These map projections (with the exception of the or-
thogonal one) accumulated most of the distortions at
lower latitudes, far from the mid-meridian. One may need
to exclude these parts from the map sheet when drawing
maps in these projections. This may also be the reason

1
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Slika 3. Optimalne poliazimutne projekcije za Sjeverni Atlantski ocean i Arktitko more.
Fig. 3 Optimal polyazimuthal projections of the Northern Atlantic Ocean and the Arctic Sea.

poliazimutnom projekcijom, bolje je istraziti svoj- Linearno mjerilo uzduZ paralela mora biti jednako
stva najjednostavnijeg aspekta projekcije (Wray jedan (k=1):
1974, Lapaine i Francula 2016). Dakle, to je prije azi-

0
mutna, nego poliazimutna projekcija. Ne postoji kon- Qﬁ (35)
formna, strogo poliazimutna projekcija. — =L
sind
8. Poliazimutna projekcija s ekvidistantnim Nadalje, opseg preslikanih paralela mora biti jed-
paralelama nak njihovoj duljini na sferi:
Tolstova (1981) je ukazala na moguénost izvoda poli- 207 =27sind, (36)

azimutnog preslikavanja s ekvidistantnim paralelama.
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Table 2 Optimal coefficients for the southern continents.
Tablica 2. Optimalni koeficijenti za juzne kontinente.

Projection r

1 3
Projekcija

Aphylactic  0.986965 0.066843 0.035334 0.000726 -0.094266 0.005879 -0.067769 0.270597 —0.012451 0.083305 -0.008414 0.023914
Afilakticka  0,986965 0,066843 0,035334 0,000726 -0,094266 0,005879 =-0,067769 0,270597 —0,012451 0,083305 -0,008414 0,023914

Equal-area — — — 0.032125  0.012790 — — — — — — 0.039807
Ekvivalentna — — — 0,032125  0,012790 — - — — - — 0,039807
Orthogonal  0.971476 0.221766 0.093476 -0.066344 -0.254108 — — — — — — 0.047721
Ortogonalna 0,971476 0,221766 0,093476 —0,066344 -0,254108 — — — — — — 0,047721
Equidistant — — — 0.067020 0.070053 — — — — — — 0.064120
Ekvidistantna ~— — — — 0,067020 0,070053 — — — — — — 0,064120
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o/

e ogs

AR
\\;‘\“\:?-\é\\‘ e

ﬂq

/
W e

Orthogonal/ Ortogonalna Equidistant/ Ekvidistantna

Fig. 4 Optimal polyazimuthal projections of Australia, New Zealand, and Antarctica.
Slika 4. Optimalne poliazimutne projekcije Australije, Novog Zelanda i Antarktika.
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Tj.

0=sind. (37)

Uvrstimo li (37) u (35):

do_, (38)
oA

Integriranje po 4 daje:

w=2+f(5), (39)

gdje integracijska konstanta f(d) mora biti jedna-
ka nuli da bi @ bila neparna funkcija. Funkcija c je jo$
neodredena pa se moZe upotrijebiti uobicajena
aproksimacija:

c=6,0" +¢, 0%+ -, (40)

Dva se koeficijenta mogu upotrijebiti za daljnje
optimiranje.

9. Prakticna primjena poliazimutnih preslikavanja

Cetiri projekcije, tj. afilakticka, ekvivalentna, orto-
gonalna i ekvidistantna su optimirane upotrebom me-
todologije opisane u poglavlju 3. Rezultati optimiranja
nalaze se u tablici 1 i na slici 3 za Sjeverni Atlantski
ocean. Tablica 2 i slika 4 prikazuju rezultate za juZne
kontinente. Izolinije distorzija iscrtane su na lijevoj i
desnoj polovici karte kako bi se povecala Citljivost; te
su linije simetri¢ne u odnosu na vertikalnu os. Zelene
linije prikazuju maksimalne distorzije kutova 2 arc-
sin[(a—b)/(a +b)], a ljubitaste povrsinsko mjerilo ab.

Slike jasno pokazuju da su poliazimutna preslika-
vanja pogodna za tradicionalnu kartografiju. Kruzne
paralele daju veliku estetsku vrijednost. Ta je pred-
nost prisutna samo u uspravnom aspektu projekcije.
Dakle, poliazimutna se preslikavanja preporucuju
bez transformacije kartografske mreze. Nadalje, te
projekcije mogu prikazati antimeridijan bez prekida.

Kao $to je olekivano, vrijednost distorzije (E) po-
kazuje da opca afilakticka projekcija ima najmanju
distorziju. Ortogonalna je varijanta malo loija, no estet-
ska vrijednost ortogonalne kartografske mreze to kom-
penzira. Treba li karta zadovoljiti uvjet ekvivalentnosti,
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moZe se upotrijebiti ekvivalentna varijanta sa svojom
jos$ uvijek povoljnom distorzijom u usporedbi s orto-
gonalnom. Ekvivalentno se preslikavanje preporuca
zbog distorzija koje su vidljive samo na podrudjima
udaljenima od srednjeg meridijana.

Ekvidistantna projekcija pokazuje najlosije ka-
rakteristike distorzije. Ta varijanta ne moze prikaza-
ti velika podrudja (vidi meduprostor na slici), njezina
je vrijednost distorzije velika pa se upotreba te vari-
jante ne preporucuje. Projekcija znacajno reducira
povrsine gotovo svugdje na karti.

Te projekcije (uz iznimku ortogonalne) akumuli-
raju veéinu distorzija pri manjim geografskim Siri-
nama, daleko od srednjeg meridijana. Kad se izraduje
karta u tim projekcijama, ti se dijelovi mogu izosta-
viti. To moZe takoder biti razlogom da je ortogonalna
varijanta superiorna ekvivalentnoj za Sjeverni
Atlantski ocean. To podrudje sadrzi znacajan dio bli-
zu ekvatora i udaljeno od srednjeg meridijana (Gvi-
nejski zaljev) gdje se ekvivalentno preslikavanje
pokazuje losim. S druge strane, juzni kontinenti leze
blizu srednjeg meridijana, pa ekvivalentna projekci-
ja moze nadigrati ortogonalno preslikavanje (vidi
vrijednosti distorzija u tablicama 11 2).

10. Kratki pregled

Poliazimutne su projekcije dobar izbor ako je
podrudje preslikavanja veliko, leZi na veéim geogra-
fskim $irinama i asimetri¢no je u odnosu na jedan od
polova. Njihova je prednost prikaz antimeridijana bez
prekida, vrlo prilagodljive karakteristike distorzije i
slike paralela koje dobro izgledaju. Posljednja navedena
prednost vidljiva je samo u uspravnom aspektu
projekcije. Njihovi nedostatci ocituju se u formulama
koje su obitno mnogo kompliciranije od njihovih
polikonusnih analogona. Pri odredivanju jednadzbi
ekvivalentne poliazimutne projekcije susre¢emo se s
implicitno zadanom funkcijom.

Poliazimutne projekcije mogu biti ekvivalentne,
ortogonalne ili ekvidistantne uzduZ paralela. Pored
toga, one ne mogu biti konformne, osim ako se kosa
stereografska projekcija ne smatra poliazimutnom.
Autor prije svega preporua ortogonalnu varijantu
zbog njezinih povoljnih distorzija i estetski privlacnog
izgleda ortogonalne kartografske mreZe.
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why the orthogonal variant is superior to the equal-area
one for the Northern Atlantic Ocean. This study area has
considerable parts near the Equator and far from the mid-
meridian (the Gulf of Guinea) where the equivalent map-
ping performs poor. On the other hand, the southern
continents lie near the mid-meridian where the equal-
area projection could outperform the orthogonal map-
ping. See the distortion values in Tables 1 and 2.

10 Summary
Polyazimuthal map projections are a good choice if the

area of interest is large, lies on high latitudes, but is
asymmetric to one of the poles. Their advantages are the
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