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Abstract: The paper describes optimal conformal
polynomial projections for Croatia according to the
Airy/Jordan criterion. A brief introduction of history and
theory of conformal mapping is followed by descrip-
tions of conformal polynomial projections and their
current application. The paper considers polynomi-
als of degrees 1 to 10. Since there are conditions in
which the 1st degree polynomial becomes the famous
Mercator projection, it was not considered specifical-
ly for Croatian territory. The area of Croatia was de-
fined as a union of national territory and the continen-
tal shelf. Area definition data were taken from the Euro
Global Map 1:1 000 000 for Croatia, as well as from
two maritime delimitation treaties. Such an irreqular
area was approximated with a reqular grid consisting
of 11 934 ellipsoidal trapezoids 2' large. The Airy/Jor-
dan criterion for the optimal projection is defined as
minimum of weighted mean of Airy/Jordan measure
of distortion in points. The value of the Airy/Jordan
criterion is calculated from all 11 934 centres of ellip-
soidal trapezoids, while the weights are equal to are-
as of corresponding ellipsoidal trapezoids. The mini-
mum is obtained by Nelder and Mead's method, as
implemented in the fminsearch function of the MAT-
LAB package. Maps of Croatia representing the dis-
tribution of distortions are given for polynomial de-
grees 2 to 6 and 10. Increasing the polynomial de-
gree results in better projections considering the cri-
terion, and the 6th degree polynomial provides a good
ratio of formula complexity and criterion value.

Key words: conformal polynomial projections,
Croatia, Airy/Jordan criterion

1 Brief Historical Overview of
Conformal Mapping Development

J. H. Lambert (1772) sets and solves the task of map-
ping a sphere and a rotational ellipsoid into a plane in a
contemporary, analytical way. Prior to Lambert’s work,
known conformal projections were limited to the normal
aspect conformal cylindrical projection of sphere (Mer-
cator’s projection) and the stereographic projection of
sphere. On the basis of differential equations of mapping
one surface onto another, Lambert discovered numer-
ous map projections, notably the conformal conical pro-
jection, the transverse cylindrical conformal projection and
equivalent projections. However, as Lambert himself
wrote, solving a general task leads to an infinite number
of different map projections.

Conformal mapping equations were set by Lambert
as differential equations, which he solved on the basis of
additional conditions, e.g. shapes of curves represent-
ing meridians and parallels in the plane. When consider-
ing cylindrical, conical, azimuthal and circular projections,
those curves are straight lines of circles. Nevertheless,
Lambert continued by considering the general solution
in which the curve shape is arbitrary. He considered such
a general solution in the form of infinite series and gave
them priority even when a closed solution of differential
equations can be found.

Lambert (1772) also represented a way of defining
conformal mapping by using complex variable functions
proposed by J. L. Lagrange, after Lambert had described
the problem to him. In order to formulate the conformal
mapping problem, Lagrange used the J. le R. d’Alembert
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SazZetak: U radu su prikazane optimalne konformne
polinomne projekcije za Hrvatsku po Airy/Jordanovu
kriteriju. Nakon kratkog uvoda u povijest i teoriju kon-
formnog preslikavanja, opisane su konformne poli-
nomne projekcije i njihova dosadasnja primjena. U
ovom radu razmatrani su polinomi stupnja 1. do 10.
Kako polinom 1. stupnja uz odredene uvjete prelazi u
poznatu Mercatorovu projekciju, on nije posebno
razmatran za podrucje Hrvatske. Definirano je pod-
rucje Hrvatske kao unija drzavnog teritorija i epikonti-
nentalnog pojasa. Podaci za definiciju podrucja
preuzeti su iz karte Euro Global Map 1:1 000 000 za
Hrvatsku, te iz dva sporazuma o razgrani¢enju na
moru. Takvo nepravilno podrucje aproksimirano je s
pravilnom mreZzom od 11 934 elipsoidna trapeza
velicine 2'. Definiran je Airy/Jordanov kriterij za
optimalnu projekciju kao minimum opce sredine
Airyjeve, odnosno Jordanove ocjene za deformacije
u tocki. Opca sredina racuna se iz svih 11 934 sredista
elipsoidnih trapeza, a teZine su jednake povrsinama
odgovarajucih elipsoidnih trapeza. Minimum opce
sredine nalazi se metodom Neldera i Meada kako je
implementirana u funkciji fminsearch paketa MATLAB.
Za stupanj polinoma 2. do 6. i 10. dane su karte
Hrvatske s rasporedom i velic¢inom deformacija.
Povecanje stupnja polinoma dovodi do sve boljih
projekcija u smislu zadanog kriterija, a polinom 6.
stupnja daje dobar odnos izmedu sloZenosti formula
i vrijednosti kriterija.

Kljuéne rijeci: konformne polinomne projekcije,
Hrvatska, Airy/Jordanov kriterij

1. Kratki povijesni pregled razvoja
konformnih preslikavanja

J. H. Lambert (1772) na suvremen, analitiki nacin
postavlja i rieSava zadatak preslikavanja sfere i rotacij-
skog elipsoida u ravninu. Prije radova Lamberta, poznate
konformne projekcije bile su uspravna konformna cilin-
dri¢na projekcija sfere (Mercatorova projekcija) i stereo-
grafska projekcija sfere. Lambert na temelju diferen-
cijalnih jednadzbi preslikavanja jedne plohe na drugu
pronalazi veéi broj kartografskih projekcija od kojih se
posebno isticu konformna konusna projekcija, popreéna
cilindriéna konformna projekcija i ekvivalentne projekcije.
Medutim, kako i sam Lambert kaZe, rjeSavanje opcenito
postavljenog zadatka vodi do beskonaénog broja razli¢itih
projekcija.

JednadzZbe konformnog preslikavanja Lambert zadaje
u obliku diferencijalnih jednadzbi koje rieSava na temelju
dodatnih uvjeta, npr. oblika krivulja kojima su prikazani
meridijani i paralele u ravnini. Kod razmatranja cilindri¢nih,
konusnih, azimutalnih i kruZnih projekcija oblici tih krivulja
su pravac ili kruznica. Medutim, Lambert se na zadrZzava
samo na tome, ve¢ razmatra opce rjesenje kod kojega
oblik tih krivulja moZze biti proizvoljan. Takvo opéenito rje-
8enje razmatra u obliku beskonaénih redova, i daje im
prednost ¢ak i kad je mogucée naci zatvoreno rjeSenje
diferencijalnih jednadzbi.

Lambert (1772) prikazuje i na€in zadavanja kon-
formnog preslikavanja s pomocu funkcije kompleksne
varijable koje je predlozio J. L. Lagrange, nakon $to mu
je Lambert opisao problem. Lagrange za formulaciju
problema konformnog preslikavanja upotrebljava metodu
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method to express a differential equation system as a
complex variable function (Lagrange 1779). For the sec-
ond part of defining the conformal mapping task, Lam-
bert also considered the general solution in the form of
infinite series. Considering that both methods require the
application of series, the rest of Lambert's work uses the
definition of conformal mapping in the form of a system
of two differential equations.

As can be seen from Lambert’s work, he set the task
of conformal mapping, explored some special cases
(nowadays famous map projections with wide applica-
tions), but also considered the general solution in the
form of infinite series, so he can be considered the orig-
inator of the idea that map projections can be defined in
the form of series.

Lambert mostly considered mapping sphere and ro-
tational ellipsoid into a plane. Lagrange generalized Lam-
bert’s idea to mapping a general rotational surface into a
plane and used complex variable functions to describe
conformal mapping. C. F. Gauss (1828) gave a general
solution to conformal mapping of any surface onto any
other surface, and used complex variable functions, same
as Lagrange.

2 Conformal Projections Expressed by
Complex Variable Polynomials

Conformal polynomial projections of a certain finite
degree, as an approach to solving conformal mapping in
the form of finite series, have not been researched and
applied to the area of Croatia yet. Conformal polynomial
projections are those for which the mapping of the sur-
face of a rotational ellipsoid into a plane is expressed
with complex variable polynomials. In order to be con-
formal, mapping has to use complex variables that are
composed of isometric coordinates on both surfaces and
to be analytical (Fran€ula 2004). Cartesian rectangular
coordinates are isometric in a plane, while the isometric
latitude and the longitude are isometric on the surface of
a rotational ellipsoid (see e.g. Fran€ula 2004).

According to Canters (2002), in 1932 Driencourt and
Laborde proposed complex variable polynomials in or-
der to find more favourable projections with regard to
area shape. Reilly (1973) described the procedure for
finding a favourable conformal projection for New Zea-
land. Franki¢ (1982) explored optimal projections for the
area of Canada. Some of them are conformal polynomi-
al projections. Nestorov (1996) sought optimal confor-
mal projections for the area of Socialist Federal Repub-
lic of Yugoslavia. Gonzalez Lépez (1995) used complex
variable polynomials to find conformal projections for
Chile and the Mediterranean Sea. Snyder’s adaptive pro-
jections for American states, also in the form of polyno-
mials, are well-known (Snyder, 1987). Driencourt and
Laborde, Reilly (1973), Gonzalez Lopez (1995) and Sny-
der (1987) did not used isometric coordinates on a rota-
tional ellipsoid, but planar coordinates in a known con-
formal projection, most often the Mercator or stereograph-
ic projection. Complex variable polynomials can be used

to conformally map any surface into another surface, as
long as both surfaces are expressed using isometric
coordinates.

Conformal mapping of a rotational ellipsoid into a
plane, expressed with a complex variable polynomial is
as follows:

n
_ j
o= ;)C,z where
]:

o=x+ly, C;=a;+ib, and z=q+iland

il tan( 7L 2 1-esing |2
g=In tan Z+E m is the isometric latitude

on a rotational ellipsoid.

In previous formulae, x and y are planar coordinates,
q is the isometric latitude, ¢ and 4 are geodetic coordi-
nates on a rotational ellipsoid, e is the first numeric ec-
centricity of the rotational ellipsoid, and a.and b are un-
known coefficients, the value of which is determined on
the basis of additional conditions.

The left Cartesian coordinate system is defined in
the plane with the positive part of the x axis directed up-
ward.

Free parameters a; and b, represent plane transla-
tion and are arbitrary, in this research a, = b, = 0.

Isometric coordinate origin on the rotational ellipsoid
is going to be placed approximately in the centre of the
observed area, i.e. in the point with geographic coordi-
nates ¢, = 44° and 4 = 16°. Therefore, in previous for-
mulae g and 4 are determined as:

q=49-q,, where
7 @ \[1-esing, |?
=In/ tan —+ — | — o
o [4 2][1+esin¢oj and ¢,=44° , and

A=A-1,,Where 4, =16°.

Thus, the point with coordinates ¢, = 44° and 4 =
16° is going to be mapped into the origin of the planar
coordinate system.

The direction and orientation of coordinate axes in
the plane also need to be defined. The y axis is going to
have the direction of a tangent on the image of the par-
allel through the origin. Due to conformality, the x axis is
going to be in the direction of tangent on the image of
the meridian through the origin. Analytically, the condi-
tion is defined as

X o,
1),

Orientation is determined in such a way that the y coor-
dinate increases with 1 in the origin, i.e.

6_y > 0.
O ),
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J. leR. d’Alemberta s pomocu koje sustav diferencijalnih
jednadzbi zapisuje u obliku funkcije kompleksne varijable
(Lagrange 1779). Za taj drugi nacin postavljanja zadatka
konformnog preslikavanja, Lambert takoder opce rjeSenje
razmatra u obliku beskona¢nih redova. S obzirom da oba
nacina zahtijevaju primjenu redova, Lambert u ostatku
rada upotrebljava definiciju konformnog preslikavaja u
obliku sustava dviju diferencijalnih jednadzbi.

Kako se vidi iz njegovog rada, Lambert je postavio
zadatak konformnog preslikavanja, istrazio neke specijal-
ne slu¢ajeve (koji su danas poznate kartografske projek-
cije sa svojom Sirokom primjenom), ali i razmatrao opée
rieSenje u obliku beskonacnih redova, pa ga se moze
smatrati zaCetnikom ideje da se zakonitosti kartografske
projekcije daju u obliku redova.

Lambert se uglavnom zadrzavao na razmatranju
preslikavanja sfere i rotacijskog elipsoida u ravninu.
Lagrange je Lambertovu ideju poopéio na preslikavanje
opcenite rotacijske plohe u ravninu, te upotrijebio funkcije
kompleksne varijable za opis konformnog preslikavanja.
C. F. Gauss (1828) daje opce rieSenje konformnog presli-
kavanja bilo koje plohe na bilo koju drugu plohu, akao i
Lagrange, koristi se funkcijama kompleksne varijable.

2. Konformne projekcije izrazene
polinomima kompleksne varijable

Konformne polinomne projekcije odredenog konac-
nog stupnja, kao jedan pristup rjeSenju konformnog pre-
slikavanja u obliku konacénih redova, do sada nisu istrazi-
vane i primjenjivane za podrucje Hrvatske. Pod pojmom
konformnih polinomnih projekcija smatrat ¢e se preslika-
vanje plohe rotacijskog elipsoida u ravninu izrazeno poli-
nomima kompleksne varijable. Da bi preslikavanje bilo
konformno, kompleksne varijable moraju biti sastavljene
od izometrijskih koordinata na obje plohe, tj. takvih koordi-
nata koje za jednaki prirast koordinata daju jednake pri-
raste udaljenosti na plohi (Fran¢ula 2004). U ravnini su
Kartezijeve pravokutne koordinate izometrijske, a na plohi
rotacijskog elipsoida to su izometrijska Sirina i geografska
duzina (vidi npr. Fran€ula 2004).

Prema Cantersu (2002) jo$ su 1932. godine Drien-
court i Laborde predloZili polinome kompleksne varijable
sa ciljem iznalaZenja povoljnijih projekcija s obzirom na
oblik podrucja. Reilly (1973) opisuje postupak iznalaZzenja
povoljne konformne projekcije za Novi Zeland. Franki¢
(1982) istrazuje optimalne projekcije za podrucje Kanade.
Izmedu ostalog, nalazi i konformne projekcije koristeéi
polinome kao funkcije izometrijskih koordinata. Nestorov
(1996) trazi optimalne konformne projekcije za podrucje
SFR Jugoslavije. Gonzalez Lépez (1995) upotrebljava
polinome kompleksne varijable za nalaZzenje konformnih
projekcija za Cile i Sredozemno more. Poznate su Snyde-
rove adaptabilne projekcije za ameriCke drZzave takoder
dobivene u obliku polinoma (Snyder, 1987). Driencourt i
Laborde, Reilly (1973), Gonzalez Lopez (1995) i Snyder
(1987) ne upotrebljavaju polinome izometrijskih koordina-
ta na rotacijskom elipsoidu ve¢ ravninske koordinate u

nekoj poznatoj konformnoj projekciji, najéesce Mercato-
rovoj ili stereografskoj. Polinomi kompleksne varijable
mogu se upotrijebiti za konformno preslikavanje bilo koje
plohe na neku drugu plohu sve dok su ispunjeni uvjeti da
su koordinate na obje plohe izometrijske.

Konformno preslikavanje rotacijskog elipsoida u
ravninu izrazeno polinomom kompleksne varijable glasi:

o= iCjz" gdje su

=0

o=x+ly, C;=a,+ib; i z=q+ilte

_inl tan Z 12 1-esing 2
g=mntan,+o 1+esing ) | izometrijska Sirina na

rotacijskom elipsoidu.

U prethodnim formulama x i y su ravninske koordinate,
q je izometrijska Sirina, ¢ i 4 su geodetske koordinate na
rotacijskom elipsoidu, e je prvi numeri¢ki ekscentricitet
rotacijskog elipsoida, a a.i b.su nepoznati koeficijenti ¢ija
se vrijednost odreduje na temelju dodatnih uvjeta.

U ravnini se definira lijevi pravokutni Kartezijev koordi-
natni sustav s pozitivnim dijelom osi x usmjerenim prema
gore.

Slobodni ¢lanovi a, i b, predstavljaju translaciju rav-
nine i mogu se izabrati po volji, a u ovim istraZivanjima
uzetcesedajea,=b,=0.

Ishodiste izometrijskih koordinata na rotacijskom elip-
soidu postavit e se priblizno u srediste promatranog pod-
rucja, tj. u totku s geografskim koordinatama ¢, = 44° i
A,=16°. Dakle, u prethodnim formulama g i 4 su zadani
kao:

q=q-4,, gdje su

7 @ \1-esing, |?
=In tan| —+ 2> | ——| | o
% [4 2](1+esin¢oj I p,=44°te

A=A-2, 9dje je 1, =16°
Dakle, tocka s koordinatama ¢, = 44° i 1,= 16° pre-
slikat ée se u ishodite koordinatnog sustava u ravnini.

Preostaje jo$ definirati smjer i orijentaciju koordinatnih
0si U ravnini. Zadat ¢e se da u ishodidtu os y ima smjer
tangente na sliku paralele. Zbog konformnosti tada ¢e
0s x biti u smjeru tangente na sliku meridijana. Analiticki
taj se uvjet definira kao

X 2o,
1),

Orijentaciju zadajemo tako da koordinata y raste s A u
ishodi$tu, odnosno

a_y >0.
04 )y
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Planar coordinates are obtained from the following
expression:

X= Re[i Cjsz and y = Im[i Cjzf], i.e. by splitting the
j=1 j=1
function  into the real and the imaginary part.

The linear scale is gained from general expressions
for conformal projection scale (Francula 2004):

Cc= E - \/5 , Where E and G are Gauss coefficients
M Ncosg
defined as:

2 2 2 2
E:a—x +6_y andGza—X +a_y .
op dp oA oA

It is easy to notice how calculating the scale accord-

. . G . .
ing to the expression ¢ = N is simpler because one
cos

avoids having to derive the complex function (g(p)).
2.1 1st degree conformal polynomial
projections

A 1st degree conformal polynomial projection is de-
termined with the formula:

(x + iy), =a, +iby + (a1 + ib1)(q + i/l).

Splitting it into the real and imaginary parts results in
planar coordinate equations:

(x), =a,+a,q- b4 and (y), =b, +bq+a.

Defined conditions a, = b, =0, [%j -0 and
0

¥ > 0 should be applied.
04 ),

ox
From the condition [%j =0 we get (—j =-b, =0,
0

04

0

and the condition (2—‘;) > 0 is going to be satisfied when
0

¥ =a,>0.
oA ),

Final formulae are as follows:

(X)/ =aq and (Y)/ =al.

In order to obtain the expression for scale, we first
have to calculate partial derivatives:

x =0 and Yy =a,. The Gauss value G now
or), o4),

equals:

2 2
G= o + v =aZ, and the linear scale is deter-
04 ), \04),

mined according to the expression:

G a

C= = .
Ncosp Ncosg

A note has to be made; these expressions define
the Mercator projection. Since properties of the Merca-
tor projection are well-known (Bor¢i¢ 1955, Francula
2004), they are not going to be explored further in this
research.

2.2 2nd degree conformal polynomial
projections
A 2nd degree conformal polynomial projection is de-
termined with following formulae:
(x+iy)y = (x+iy), + (@, +ib, g +if-

After developing and splitting into real and imaginary
parts, it follows:

(x), =a, - b4 +aq -a,2* —2b,4q +a,q* and
(y), = by + a4 +b,g —b, 2 +2a,4q + b,g*
From the condition [Z—;j =0 we get

0

(2_;] =-b, - 2a,A-2b,q =0, i.e.again b, = 0 because
0

oy
=0and| =
! (alj

is going to be satisfied when (%] =a,-2b,A+2a,q >0,
0

> 0in the origin. The condition ¥ >0
02 )

0

i.e. again a, >0 because g =0and 4 =0. These condi-
tions are going to be the same for higher-degree poly-
nomials because their derivatives do not contain addi-
tional free members.

The final formulae are as follows:
(x), = (x), —a,22 - 2b,2q +a,q* and

(Y)// = (Y)/ - bziz +28,4q + bzqz'

In order to calculate the linear scale, we first have to
calculate partial derivatives:

o) [ -2a,1-2b,q and
o4), \04),

Y (¥ —-2b,/+2a,.
or), \04),

2.3 3rd degree conformal polynomial
projections

A 3rd degree conformal polynomial projection is de-
termined with the formula:
(X + iY)/// = (X + iy)// + (as + i, )(q + M)3'

By developing and splitting into the real and imagi-
nary parts, we get planar coordinate equations, and by
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Ravninske koordinate u takvim projekcijama dobiju
se iz izraza:

x=Re[iCjzf] i yzlm[icjzfj, odnosno razdvaja-
j= j=1
njem funkcije ® na realni i imaginarni dio.

Linearno mjerilo preslikavanja dobije se iz opCih izraza
za mjerilo u konformnim projekcijama (Fran¢ula 2004):

c= E = g , gdje su E'i G Gaussove veli¢ine defini-
M Ncosg
rane ovako:

2 2 2 2
E= x + Y i G= x + ¥ .
0p 0p 04 oA
Lako se primjeti da je ratunanje mjerila prema izrazu

C=

Ncosg jednostavnije jer se izbjegava derivacija slo-

Zene funkcije oblika f(q((p)).

2.1.Konformne polinomne projekcije
1. stupnja

Konformna polinomna projekcija 1. stupnja zadana
je formulom:

(x + iy), =a,+iby + (a1 + ib1)(q + i/l).

Rastavljanjem na realni i imaginarni dio dobiju se
jednadzbe ravninskih koordinata:

(x)=a, +ag-bA i(y) =b,+bg+ad.

Uvrstimo naprijed definirane uvjete a, = b, =0, [a_xj =0
0

oA
I(@_yj > 0.
o1 ),

Iz uvjeta (a_x) =0 dobije se x =-b, =0, auvjet
04 J, O ),

=a,>0.
0

(a_yj > 0 bit ¢e zadovoljen kada je [8_yj
02 ), oA

Konaéne formule glase:

(x)=aq i(y)=an

Da bismo dobili izraz za mjerilo treba najprije izra-
¢unati parcijalne derivacije:

x =0i 2 = a,. Gaussova veli¢ina G sada iznosi:
o), o4 ),

2 2
G= x +(6_y =aZ, a linearno mjerilo odreduje se
04 ), \o4),

prema izrazu:

VG a

C= = .
Ncosp Ncosg

Ovdje treba primjetiti da je tim izrazima zadana Mer-
catorova projekcija. Kako su svojstva Mercatorove pro-
jekcije dobro poznata (Bor€i¢ 1955, Fran¢ula 2004), ovdje
se ona nece dalje istraZivati.

2.2. Konformne polinomne projekcije
2. stupnja

Konformna polinomna projekcija 2. stupnja zadana
je formulama:

(x + iy),, = (x + iy), + (32 +ib, )(q + i/l)z.

Nakon razvijanja i razdvajanja realnog i imaginarnog
dijela jednadZbe dobije se:

(x), = a, - b A +aq-a,2 -2b,2q +a,q% i

(y), = by + a4 +bg—b,2 +2a,Aq + b,q*.
Iz uvjeta x =( dobije se
o1 ),

[%j =-b, - 2a,4 - 2b,q =0, odnosno ponovo b, =0
0

jer su u ishodistu g=0 i 1=0. Uvjet (%] >0 bit ¢e
0

0
zadovoljen kada je (éj =a,-2b,A +2a,q >0, odnosno
0

ponovo &, >0 zbog g=0i4=0. Ti uvjeti bit ¢e jednaki i
za polinome viSih stupnjeva jer njihove derivacije ne
sadrze dodatne slobodne &lanove.

Konaéne formule glase:
(X)// = (X)/ -8,/ -2b,2q+8,q" i

(y)// = (Y)/ - bz’12 +2a,q + bzqz-

Da bismo izraCunali linearno mijerilo treba najprije
izracunati parcijalne derivacije:

(61] (a_) 2a-2bq |
i), \oa),

Y (¥ - 2b,A +2a,q.
oA), \o4),

2.3. Konformne polinomne projekcije
3. stupnja

Konformna polinomna projekcija 3. stupnja zadana
je formulom:

(x + iy),,, = (x + iy),, + (a3 +1ib, )(q + iﬂ)s.

Raspisivanjem i rastavljanjem na realni i imaginarni
dio dobiju se jednadzbe ravninskih koordinata, te
uvodenjem zadanih uvjeta kona¢ne formule za ravninske
koordinate glase:
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introducing the conditions given, final formulae for pla-
nar coordinates are as follows:

(X)/// = (X)// + bsﬂ'3 - 333/12(7 - 3b32q2 + 33(73 and

(Y)/// = (Y)// - 83/13 - 3b3/12q + 333/1(72 + b3q3~

Partial derivatives required for calculating the linear
scale are as follows:

)
o4 i

and

&)
o4 1

2.4 4th degree conformal polynomial
projections

194
— | +3b,/2 -6a,1q-3b,q°
((’M],, 3 3/Aq 2q

(6—“/] -3a,/* - 6b,Aq + 3a,G".
I

A 4th degree conformal polynomial projection is de-
termined with following formulae:

(x + iy),v = (x + iy),,, + (a4 +ib, )(q + i/1)4.

After expanding, splitting into the real and imaginary
parts and applying initial conditions, formulae for planar
coordinates are as follows:

(X)/v =(x), +a,4" +4b,4°q - 6a,4°q° - 4b,Aq° + a,q*
and
(y)/v = (Y)/// +b At - 4a,2°q-6b,2q° + 4a,49° + b,q".

Partial derivatives required for calculating the linear
scale are as follows:

on ol
and

[axj - [a_xj +4a, 2 +12b,2q - 123,19 - 4b,G°
1% I

a}’] (a)’] 3 2 2 3
—| =|—=| +4b A" -128,4°q-12b,/q" +4a,q".
[6/1 v al i

2.5 5th degree conformal polynomial
projection

A 5th degree conformal polynomial projection is de-
termined with following formulae:
(x + iy)v = (x + iy),v + (a5 +ibs )(q + ii)5-

After expanding, splitting into real and imaginary parts
and applying the initial conditions, formulae for planar
coordinates are as follows:

(X)v = (X)/v - b5/15 + 53514(7 +1 Obsxf“qz -1 065/12 o
~5b,Aq* +a5q°

and

(Y = (v)y +as2° +BbyA'q ~10a,°¢” ~10b,°q° +
+5a,Aq" +bsq®

Partial derivatives required for calculating the linear
scale are as follows:

[a_xj :(51) ~5b,7* + 20a,7° + 30b, g% -
on), \az),
~20a,1q° - 5b,q*

and

oA oA
-20b,2q° +5a,q"

[a_yj = (a_yj +5a,1" +20b,1°q - 30a,°q°
% v

2.6 6th degree conformal polynomial
projections

A 6th degree conformal polynomial projection is de-
termined with following formulae:

(x + iy)v, = (x + iy)v + (a6 + ibs)(q + iﬂ)ﬁ.

After expanding, splitting into imaginary and real parts
and applying initial conditions, formulae for planar coor-
dinates are as follows:

(x), = (x), —ag2° - 6b,2°q +158,4"q% + 20b,4°q° —
-15a,/°q" —6b,Aq° + a,q°

and

(V) = (v), - be/® +6a,2°q +15b,2*q* — 20a,°q° —
~15b,%q* +6a,1q° + b,q° '

Partial derivatives required for calculating the linear
scale are as follows:

o) (& ~Ba,° —30b,1"q +60a,2°q” +
o1 ), \ai),

+60b,£q° —30a,1q* - 6b,9°

and

v (¥ —6by° +30a,1'q + 60b,4°q* —
o1 ), \ai),

~60a,4°q* - 30b,1q* + 6a,q°

Formulae for higher-degree conformal polynomial
projections are derived in the same way.

3 Optimal Conformal Polynomial
Projections

An optimal conformal polynomial projection is going
to be the one which gives the smallest value of a given
criteria for a given geographic area. In addition to its ad-
ministrative territory, Croatia also lays its economic rights
and interests in the area of the continental shelf. Thus,
this research considers the area of Croatia as its admin-
istrative territory together with its continental shelf.
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(X)/// = (X)// +b A~ 333/12(7 - 3b31q2 +aq’ |

(Y)m = <Y)// - a3/13 - 3b3/12q + 333/1(72 + baqs-

Parcijalne derivacije potrebne za raunanje linearnog
mjerila glase:

[G_XJ = [G_XJ +3b,4> —6a,4q - 3b,q°
a/l n 04 I
[

[a_yj = [6—}/] -3a,/* -6b,Aq +3a,G°.
62 n aﬂ’ I

2.4. Konformne polinomne projekcije
4. stupnja

Konformna polinomna projekcija 4. stupnja zadana
je formulama:

(x+iy)y = (x+iy), +(a, +ib, Ng +ii)".

Nakon raspisivanja, rastavljanja na realniiimaginarni
dio i primjene pocetnih uvjeta formule za ravninske
koordinate glase:

(X)y = (x)y +a,4* +4b,4°q - 6a,4°¢" - 4b,Aq° +a,q*

i

(y)/v = (Y)m +b At —4a,2°q-6b,7q° +4a,29° + b,q".
Parcijalne derivacije potrebne za ratunanje linearnog

mijerila glase:

oX ox
= | == +4a,2 +12b,%g-12a,Aq> - 4b,q° ;
(MJN [azj,,, e

ayj [6)/) 3 2 2 3
—| =|=—=| +4b A" -12a8,4°q-12b,/q" +4a,q".
(aﬂ’ v aﬂb n

2.5. Konformne polinomne projekcije
5. stupnja

Konformna polinomna projekcija 5. stupnja zadana
je formulama:

(x + iy)v = (x + iy),v + (35 + by )(q + ixl)ﬁ.

Nakon raspisivanja, rastavljanja na realniiimaginarni
dio i primjene pocetnih uvjeta formule za ravninske
koordinate glase:

(x), = (x), - bs/® +5a,4'q +10b,2°¢* ~10a,2%q° -
-5b,2q* +a,q°

i

(v), =(y)y, +a,2° +5b,A*q —10a,2°g> —10b,¢° +
+5a,1q* +b°q°

Parcijalne derivacije potrebne za raunanje linearnog
mjerila glase:

XV _[2X) _sp, 2 + 208, 2% + 306,27 -
1), \o1), _
|
~20a,q° - 5b,q"

AR +5a,4" +20b,4°q - 30a, /¢
or), \aa),

-20b,1q° + 5a,9*

2.6. Konformne polinomne projekcije
6. stupnja

Konformna polinomna projekcija 6. stupnja zadana
je formulama:

(x + iy)v, = (x + iy)v + (36 +ibg )(q + iﬂ)e.

Nakon raspisivanja, rastavljanja na realni i imaginarni
dio i primjene pocetnih uvjeta formule za ravninske
koordinate glase:

(x), = (x), - a2° — b, 2°q +15a,2°q* + 20b,2°° —
-15a,/°q* - 6b,29° + a,q°

i

(V) = (v), - be/® +6a,2°q +15b,2*q* — 20a,4°q° —
-15b,4°q* +6a54q° + byq°

Parcijalne derivacije potrebne za ratunanje linearnog
mijerila glase:

o) (&) Bag A’ — 30b,4'q +60a,4°q° +
o1 ), \ai),

+60b,£q° —30a,1q* - 6b,q°

AR ~6by° +30a,1'q + 60b,4°q* —
o1 ), \a1),

—60a,#°q° - 30b,1q* + 6a,q°

Na isti na¢in izvode se formule za konformne poli-
nomne projekcije visih stupnjeva.

3. Optimalne konformne polinomne
projekcije

Optimalnom konformnom polinomnom projekcijom
smatrat ¢e se ona koja na zadanom geografskom pod-
ru¢ju daje najmanju vrijednost zadanog kriterija. Hrvatska
osim drZavnog teritorija svoja gospodarska prava i inte-
rese polaZe i na podrucje epikontinetnalnog pojasa. 1z
tog razloga kao podrucje Hrvatske u ovom radu uzima
se unija drZzavnog teritorija i epikontinentalnoga morskog
pojasa.

Kriterij koji je upotrijebljen je Airy/Jordanov kriterij za
konformne projekcije. Airyjeva i Jordanova ocjena
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zadano podrucje Hrvatske
given area of Croatia
obalna crta kopna i otoka
— coastlines

(Euro Global Map 1:1 000 000)

drzavna granica na kopnu i moru
state border (Euro Global Map 1:1 000 000)

granica epikontinentalnog pojasa
(sporazum SFRJ i Italije)

limits of the continental shelf
(agreement of SFR Yugoslavia and ltaly)

tocka 43 (Rajakovié 2008)

43 noint 43 (Rajakovié 2008)

Fig. 1. Data defining the area of Croatia
Slika 1. Podaci kojima je definirano podrucje Hrvatske

The criterion used was the Airy/Jordan criterion for
conformal projections. The Airy and Jordan distortion
mesure is often used for evaluating distortions over the
area (Canters 2002, Franki¢ 1982, Reilly 1973, Fran&ula
1971, Airy 1861).

There are various approaches to finding the minimum
of a function determined with a criterion. For example,
Franki¢ (1982) and Reilly (1973) used a linearization of
the function and the least squares method in an iterative
procedure for finding a minimum. Canters (2002) applied
the simplex method according to Nelder and Mead
(1965). The simplex method as implemented within the

fminsearch function in the MATLAB (URL1) program was
applied in this research.

3.1 Area of Croatia

In order to determine optimal map projections, accu-
rate data about boundaries of an area are not neces-
sary. A choice of map projection for an area does not
substantially depend on the high accuracy of boundary
coordinates of the area, but primarily on the shape and
size of the area. Data for defining the administrative area
were taken from the Euro Global Map 1:1 000 000 for
Croatia published by the State Geodetic Administration
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Fig. 2. Section of approximation of the given area with ellipsoidal trapezoids 2' x 2'
Slika 2. Isje¢ak aproksimacije zadanog podrucja elipsoidnim trapezima veli¢ine 2' x 2'

deformacija ¢esto se upotrebljava prilikom ocjene defor-
macija na nekon podrucju (Canters 2002, Franki¢ 1982,
Reilly 1973, Francula 1971, Airy 1861).

Za nalazenje minimuma funkcije zadane kriterijem
mogucéi su razli¢iti pristupi. Primjerice, Franki¢ (1982) i
Reilly (1973) upotrebljavaju postupak linearizacije funkcije
i primjenu metode najmanjih kvadrata u iteracijskom
postupku nalazenja minimuma. Canters (2002) upotreb-
ljava metodu simpleksa po Nelderu i Meadu (1965). U
ovom radu upotrijebljena je metoda simpleksa kako je
implementirana funkcijom fminsearch u programu
MATLAB (URL1).

3.1. Podrucje Hrvatske

Za potrebe nalazenja optimalnih kartografskih projek-
cija nije nuzno imati vrlo tone podatke o granici podrucja.
Izbor kartografske projekcije za neko podru¢je ne ovisi u
znacajnoj mjeri o to¢nosti koordinata granice tog pod-
ru¢ja, vec ponajprije o obliku i veli¢ini tog podrucja. Podaci
za definiciju drzavnog podrucja preuzeti su iz karte Euro
Global Map 1:1 000 000 za Hrvatsku $to ju izdaje Drzavna
geodetska uprava (URL2). Podaci o granici epikontinen-
talnog pojasa preuzeti su iz Sluzbenog lista SFRJ, Medu-
narodni ugovori i drugi sporazumi, br. 28/1970. Koordinate
zatoCku broj 43 granice epikontinentalnog pojasa umjesto
iz tog sporazuma preuzete su iz (Rajakovi¢ 2008) gdje
su koordinate te to¢ke odredene na temelju Protokola
izmedu Viade Republike Hrvatske i Savezne Viade
Savezne Republike Jugoslavije o priviemenom reZimu
uz juZnu granicu izmedu adviju drzava iz 2002. godine (sl.
1). Za referentni elipsoid uzet je GRS80 i svi su podaci
svedeni na taj elipsoid.

Takvo nepravilno podrucje aproksimirano je pravilnom
mrezom od 11 934 elipsoidna trapeza veli€ine 2' x 2' (sl.
2). Ta je veli€ina izabrana na temelju istraZivanja (Tuti¢ i
Lapaine 2008) gdje se pokazalo da se vrijednosti

nepoznatih koeficijenata u projekciji ne razlikuju znatno
od onih dobivenih jo§ gus¢om mrezom elipsoidnih
trapeza.

Aproksimacija nepravilnog podrucja elipsoidnim
trapezima prakti¢no je izvedena kao izbor onih poligona
u mreZi elipsoidnih trapeza koji se preklapaju ili su unutar
podru¢ja Hrvatske. Takav postupak moguce je provesti
unutar programa za GIS ili prostornih baza podataka. Za
potrebe ovog rada upotrijebljen je program GRASS GIS
(URL3).

3.2. Airy/Jordanov kriterij za konformne
projekcije

Airy/Jordanova ocjena deformacija u konformnim
projekcijama na nekom podruc¢ju glasi (Nestorov 1996,
Rajakovi¢ 2008):

E? = % [(c-1PdA, gdjeje clinearno mjerilo, Aje povrsina
A
promatranog podrucja, a dA diferencijal povrsine.

Integral u ovoj formuli za nepravilna podrucja rijetko
je moguce rijesiti analitiCki. Zbog toga ¢e se integral
zamijeniti sumom. Tada Airy/Jordanova ocjena glasi (Tuti¢
i Lapaine 2008):

. 1 3
LAA S

podrucja, a c, linearno mjerilo u nekoj tocki tog dijela
podrugja.

(c. —1FAA, gdie je AA jedan (mali) dio

Uzme li se za AA, podrucje elipsoidnog trapeza
kojemu je srediste u tocki (¢, 1), a veliCina po geografskoj
duzini mu je AZ i po geografskoj Sirini Ap povr$ina takvog
podruc¢ja moze se odrediti po formuli (Lapaine, Lapaine
1991):
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(URL2). Data about the continental shelf boundary were
taken from the Official Sheet of the Socialist Federal
Republic of Yugoslavia, International Contracts and Oth-
er Treaties, no. 28/1970. Coordinates for point no. 43 of
the continental shelf boundary were taken from (Rajako-
vi¢ 2008), where they were determined on the basis of
Protocol Between the Government of the Republic of
Croatia and the Federal Government of the Federal Re-
public of Yugoslavia About Temporary Regime for the
South Boundary Between the two Countries from 2002
(Fig. 1). GRS80 is chosen as the reference ellipsoid and
all data were transformed to it.

Such an irregular area was approximated with a reg-
ular grid consisting of 11 934 ellipsoidal trapezoids of 2'x2'
(Fig. 2). The size was chosen on the basis of research
(Tuti¢ and Lapaine 2008), which showed that values of
unknown coefficients in a map projection for Croatia do
not differ substantially from those obtained through an
even denser grid of ellipsoidal trapezoids.

Approximation of the irregular area with ellipsoidal
trapezoids was practically executed as a selection of
those polygons in the grid of ellipsoidal trapezoids which
overlap or are within the area of Croatia. Such a proce-
dure can be carried out within a program for GIS or spa-
tial databases. The program GRASS GIS was used for
the needs of this research (URL3).

3.2 Airy/Jordan’s criterion for conformal
projections

Airy/Jordan’s distorsion measure in conformal pro-
jection over the area is as follows (Nestorov 1996, Raja-
kovi¢ 2008):

1
E?= " j'(c - 1)2dA, where cis alinear scale, Ais the area
A

of the observed territory, and dA is the area differential.

It is difficult to analytically solve the integral in this
formula for irregular areas. Thus the integral will be re-
placed with a sum. Doing so, the Airy/Jordan’s measure
becomes (Tuti¢ and Lapaine 2008):

E? =+AA (c, 1/ AA, where AA is one (small) part
=1

il

of the area, and ¢, is the linear scale in a point of that
area part.

If AA. is the area of an ellipsoidal trapezoid, the cen-
tre of which is in point (¢ , 1), and size along longitude is
A/ and along latitude Ag, the area of such an ellipsoidal
trapezoid can be determined according to the formula
(Lapaine, Lapaine 1991):

A
1 WTw

sing, In[1 +esing, jZe

2
Y _ i
1-e*sin’ g, 1-esing,

b2

Ap
7

where b is the minor semi-axis of the rotational ellipsoid
and e is the first eccentricity of rotational ellipsoid. The

linear scale in this case can be calculated in the point
((/7 I ﬂ,)

Doing so defines the Airy/Jordan’s measure for con-
formal projections in a given area approximated with a
regular grid of ellipsoidal trapezoids.

If we find for a chosen projection a set of parameter
values of the projection p = {p1,p2,,,,,pn} for which the
minimal value of Airy/Jordan’s measure is obtained, i.e.

min £2 = min— n(c,—1)2AA,-,
P P =

LAA

I

the variant of the chosen projection determined with a
parameter value set P is going to be referred to as the

optimal projection according to the Airy/Jordan’s criteri-
on.

3.3 Optimal conformal polynomial projections
of degrees 2 to 10 according to the
Airy/Jordan criterion

Using MATLAB to define all given values and func-
tions and finding the minimum results in criterion values
and unknown coefficient values. Table 1 contains criteri-
on values, and Fig. 3 represents the dependence of the
criterion value on the polynomial degree.

Fig. 4 to 9 represent the absolute scale error distri-
bution in optimal conformal polynomial projections of de-
grees 2 to 6 and 10. Corresponding coefficient values
are given in the image description for degrees 2 to 6.

Table 1. Comparison of criterion values
for researched projections

Conformal projection V?Iue. of the Airy/Jordan
criterion
2" degree polynomial 0.000176
3" degree polynomial 0.000109
4" degree polynomial 0.000076
5" degree polynomial 0.000075
6" degree polynomial 0.000058
7" degree polynomial 0.000051
8" degree polynomial 0.000051
9" degree polynomial 0.000046
10" degree polynomial 0.000044
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A
vrijednost Airy/Jordanova kriterija x 10™
2+ value of the Airy/Jordan criterion x 10*

1.5

0.5

stupanj polinoma
degree of the polynomial

I »>

6 7 8 9 10

Fig. 3. Value of the Airy/Jordan criterion in relation to the degree of conformal polynomial projection
Slika 3. Vrijednost Airy/Jordanova kriterija u odnosu na stupanj konformne polinomne projekcije

1 ‘”’*AT(/)
sing. 1+esing, |2
5 ?0’2 +In - ¢
1-e“sin“ g, 1-esing,

2

A, = b*AL

2
gdje je b mala poluos rotacijskog elipsoidai e prvi ekscen-
ticitet. Linearno mjerilo ¢, u tom slucaju neka se racuna u
tocki .

Na taj nacin definirano je odredivanje vrijednosti Airy/
Jordanove ocjene za konformne projekcije na nekom
zadanom podrucju aproksimiranom pravilnom mrezom
elipsoidnih trapeza.

Ako se za izabranu projekciju hade skup vrijednosti

parametara te projekcije P = {p1, Payeeey p,,} za koji se pos-
tize najmanja vrijednost Airy/Jordanove ocjene, ;.

i (- 1)2AA/',

i i=1
i

min E2 = min
P P

varijantu izabrane projekcije odredenu skupom vrijednosti
parametara P nazvat ¢emo optimalnom projekcijom po
Airy/Jordanovom kriteriju.

3.3. Optimalne konformne polinomne
projekcija 2. do 10. stupnja po
Airy/Jordanovu kriteriju

Nakon $to se u MATLAB-u definiraju sve zadane
veli€ine i funkcije, te provede postupak trazenja mini-
muma kao rezultat dobiju se vrijednosti kriterija i vrijed-
nosti nepoznatih koeficijenata. U tablici 1. dane su dobi-
vene vrijednosti kriterija, a na slici 3. prikazana je ovisnost
vrijednosti kriterija o stupnju polinoma.

Slike 4. do 9. prikazuju veli¢inu i raspored deformacija
u optimalnim konformnim polinomnim projekcijama
stupnja 2. do 6. i 10. U opisu slike za stupnjeve 2. do 6.
dane su i odgovarajuce vrijednosti koeficijenata.

Tablica 1. Usporedba vrijednosti kriterija za
istraZene projekcije

Konformna projekcija V.rijednost o
Airy/Jordanova kriterija
Polinomna 2. stupnja 0,000176
Polinomna 3. stupnja 0,000109
Polinomna 4. stupnja 0,000076
Polinomna 5. stupnja 0,000075
Polinomna 6. stupnja 0,000058
Polinomna 7. stupnja 0,000051
Polinomna 8. stupnja 0,000051
Polinomna 9. stupnja 0,000046
Polinomna 10. stupnja 0,000044
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47° Apsolutne
linearne
deformacije
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Fig. 4. Absolute scale error distribution in the optimal conformal polynomial projection of the 2nd degree
according to the Airy/Jordan criterion. Coefficients are a, = 4.59474 - 10°, a, = -1.59788 - 10° and
b, =2.07707 - 10°
Slika 4. Raspored i velicina deformacija u optimalnoj konformnoj polinomnoj projekciji 2. stupnja po Airy/
Jordanovu kriteriju. Koeficijenti a, = 4,59474 - 10°, a, = -1,59788 - 10° i b, = 2,07707 - 10°
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Fig. 5. Absolute scale error distribution in the optimal conformal polynomial projection of the 3rd degree
according to the Airy/Jordan criterion. Coefficients are a, = 4.59468 - 10°, a, = -1.60251- 10°, b, =9.61478 - 10°,
a, = 2.05344 - 10° and b, = -8.14867 - 10*

Slika 5. Raspored i velicina deformacija u optimalnoj konformnoj polinomnoj projekciji 3. stupnja po Airy/
Jordanovu kriteriju. Koeficijenti a, = 4,59468 - 10, a, =-1,60251- 10°, b, = 9,61478 - 10°, a, = 2,05344 - 10° j
b, = -8,14867 - 10*
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Fig. 6. Absolute scale error distribution in the optimal conformal polynomial projection of the 4th degree
according to the Airy/Jordan criterion. Coefficients are a, = 4.59495 - 10° a, =-1.60233 - 10°, b, = 4.97068 - 10°,
a, =1.30868 - 10°, b, =-8.45032 - 10, a, =1.19404 - 10° and b, =1.45752 - 10°
Slika 6. Raspored i velicina deformacija u optimalnoj konformnoj polinomnoj projekciji 4. stupnja po Airy/
Jordanovu kriteriju. Koeficijenti a, = 4,59495 - 10°, a, =-1,60233 - 10°, b, = 4,97068 - 10°, a, =1,30868 - 10°,
b, =-8,45032 - 10* a, =1,19404 . 10°j b, =1,45752 - 10°
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Fig. 7. Absolute scale error distribution in the optimal conformal polynomial projection of the 5th degree
according to the Airy/Jordan criterion. Coefficients are a, = 4.59496 - 10°, a, =-1.60273 - 10° b, =4.37379 - 10°,
a, =1.34363 - 10° b, =-8.50200 - 10*, a, =1.18477 - 10°%, b, = 1.59488 - 10°, a, =-1.67331. 10° and
by =-3.81873 - 10°
Slika 7. Raspored i velicina deformacija u optimalnoj konformnoj polinomnoj projekciji 5. stupnja po Airy/
Jordanovu kriteriju. Koeficijenti a, = 4,59496 - 10°, a, =-1,60273 - 10° b, =4,37379 - 10°, a, =1,34363 - 10°,
b, =-8,50200 - 10, a, =1,18477 - 10°, b, =1,59488 - 10°%, a, =-1,67331-10° j b, =-3,81873 - 10°
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Fig. 8. Absolute scale error distribution in the optimal conformal polynomial projection of the 6th degree
according to the Airy/Jordan criterion. Coefficients are a, = 4.59504 - 10°, a, =-1.60038 - 10°, b, =1.76780 - 10°,
a, =6.19324 - 10°, b, =-4.51810 - 10*, a, =1.53766 - 10°, b, = 9.41033 - 10°, a, = 7.17668 - 10°,

b, =1.04285 - 107, a, =-2.76147 - 10° and b, =-1.33392 - 10°
Slika 8. Raspored i velicina deformacija u optimalnoj konformnoj polinomnoj projekciji 6. stupnja po Airy/
Jordanovu kriteriju. Koeficijenti a, = 4,59504 - 10°, a, =-1,60038 - 10° b, =1,76780 - 10°, a, = 6,19324 - 10*,
b, = -4,51810 - 10*, a, =1,53766 - 10°, b, = 9,41033 - 10°, a, = 7,17668 - 10°, bs =1,04285 - 10,

a, =-2,76147 - 10%j by =-1,33392 - 10°
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Fig. 9. Absolute scale error distribution in the optimal conformal polynomial projection of the
10th degree according to the Airy/Jordan criterion

Slika 9. Raspored i veli¢ina deformacija u optimalnoj konformnoj polinomnoj projekciji
10. stupnja po Airy/Jordanovu Kriteriju
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4. Conclusion

Conformal polynomial projections have not been ap-
plied or researched for the area of Croatia yet. The meth-
odology described in the paper was successfully applied
to finding new optimal conformal polynomial projections
for Croatia according to the Airy/Jordan criterion for con-
formal projections. Increasing the polynomial degree leads
to smaller criterion values, as expected. In contrary, a larger
criterion value for a higher polynomial degree would indi-
cate the methodology used does not provide good results.
The reason lies in the fact that a lower polynomial degree
is a special case of the higher degree. A good ratio be-
tween formula complexity and the criterion value is the
6th degree conformal polynomial projection. None of the
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4. Zakljugak

Konformne polinomne projekcije do sada se nisu
primjenjivale niti istrazivale za podru¢je Hrvatske. Opi-
sana metodologija uspjesno je primijenjena na nalaZenje
novih optimalnih konformnih polinomnih projekcija za
Hrvatsku po Airy/Jordanovu kriteriju za konformne pro-
jekcije. Povecanje stupnja polinoma o€ekivano vodi i do
manijih vrijednosti kriterija. U protivnom, kada bi vrijed-
nost kriterija bila ve¢a za veci stupanj polinoma, to bi bio
znak da upotrijebljena metodologija ne daje dobre rezul-
tate. Razlog leZi u €injenici da je niZi stupanj polinoma
specijalni slu¢aj viseg stupnja. Dobar odnos izmedu slo-
Zenosti formula i vrijednosti kriterija predstavlja konformna

polinomna projekcija 6. stupnja. Niti jedna prikazana pro-
jekcija ne daje oblik izokola koji bi se u vec¢oj mjeri priblizio
obliku granice podru¢ja. Vjerojatni razlog leZi u obliku pod-
ru¢ja koje je vrlo nepravilno. Konformnim polinomnim pro-
jekcijama obiéno se nastoji aproksimirati Cebigevljeva
konformna projekcija (Cebigev 1856), tj. takva projekcija
u kojoj je linearno mjerilo konstantno na granici podruéja.
U tom smislu i ovdje prikazane projekcije, posebno 6. i
10. stupnja predstavljaju odredeno priblizenje Cebigevije-
voj projekciji.
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